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Introduction



C^2 Expanding Markovian maps

F

F has an unique invariant probability that is absolutely continuous with respect to 
Lebesgue measure. 



Randon variables

� : I ! R is a given observable
<latexit sha1_base64="NtM3aDrMp7mUJBIpir1D23faucE=">AAACJHicbVC7TgMxEPTxJrwClDQWAYkK3dGARIOggS4gkiDlomjP2SQWPvtk+4KiUz6Ghl+hoeAhChq+BV+SAhJGsjSa2fXuTpQIbqzvf3kzs3PzC4tLy4WV1bX1jeLmVtWoVDOsMCWUvovAoOASK5ZbgXeJRogjgbXo/iL3az3Uhit5a/sJNmLoSN7mDKyTmsXTvTDp8jD/SNIrGmre6VrQWj3QMAbbjaLsZrBHuaFAO7yHkqrIoO6BG9AslvxDfwg6TYIxKZExys3ie9hSLI1RWibAmHrgJ7aRgbacCRwUwtRgAuweOlh3VEKMppENjxzQfae0aFtp96SlQ/V3RwaxMf04cpX54mbSy8X/vHpq2yeNjMsktSjZaFA7FdQqmidGW1wjs6LvCDDN3a6UdUEDsy7XggshmDx5mlSPDgPHr49KZ+fjOJbIDtklByQgx+SMXJIyqRBGHskzeSVv3pP34n14n6PSGW/cs03+wPv+AXO1pLA=</latexit><latexit sha1_base64="NtM3aDrMp7mUJBIpir1D23faucE=">AAACJHicbVC7TgMxEPTxJrwClDQWAYkK3dGARIOggS4gkiDlomjP2SQWPvtk+4KiUz6Ghl+hoeAhChq+BV+SAhJGsjSa2fXuTpQIbqzvf3kzs3PzC4tLy4WV1bX1jeLmVtWoVDOsMCWUvovAoOASK5ZbgXeJRogjgbXo/iL3az3Uhit5a/sJNmLoSN7mDKyTmsXTvTDp8jD/SNIrGmre6VrQWj3QMAbbjaLsZrBHuaFAO7yHkqrIoO6BG9AslvxDfwg6TYIxKZExys3ie9hSLI1RWibAmHrgJ7aRgbacCRwUwtRgAuweOlh3VEKMppENjxzQfae0aFtp96SlQ/V3RwaxMf04cpX54mbSy8X/vHpq2yeNjMsktSjZaFA7FdQqmidGW1wjs6LvCDDN3a6UdUEDsy7XggshmDx5mlSPDgPHr49KZ+fjOJbIDtklByQgx+SMXJIyqRBGHskzeSVv3pP34n14n6PSGW/cs03+wPv+AXO1pLA=</latexit><latexit sha1_base64="NtM3aDrMp7mUJBIpir1D23faucE=">AAACJHicbVC7TgMxEPTxJrwClDQWAYkK3dGARIOggS4gkiDlomjP2SQWPvtk+4KiUz6Ghl+hoeAhChq+BV+SAhJGsjSa2fXuTpQIbqzvf3kzs3PzC4tLy4WV1bX1jeLmVtWoVDOsMCWUvovAoOASK5ZbgXeJRogjgbXo/iL3az3Uhit5a/sJNmLoSN7mDKyTmsXTvTDp8jD/SNIrGmre6VrQWj3QMAbbjaLsZrBHuaFAO7yHkqrIoO6BG9AslvxDfwg6TYIxKZExys3ie9hSLI1RWibAmHrgJ7aRgbacCRwUwtRgAuweOlh3VEKMppENjxzQfae0aFtp96SlQ/V3RwaxMf04cpX54mbSy8X/vHpq2yeNjMsktSjZaFA7FdQqmidGW1wjs6LvCDDN3a6UdUEDsy7XggshmDx5mlSPDgPHr49KZ+fjOJbIDtklByQgx+SMXJIyqRBGHskzeSVv3pP34n14n6PSGW/cs03+wPv+AXO1pLA=</latexit><latexit sha1_base64="NtM3aDrMp7mUJBIpir1D23faucE=">AAACJHicbVC7TgMxEPTxJrwClDQWAYkK3dGARIOggS4gkiDlomjP2SQWPvtk+4KiUz6Ghl+hoeAhChq+BV+SAhJGsjSa2fXuTpQIbqzvf3kzs3PzC4tLy4WV1bX1jeLmVtWoVDOsMCWUvovAoOASK5ZbgXeJRogjgbXo/iL3az3Uhit5a/sJNmLoSN7mDKyTmsXTvTDp8jD/SNIrGmre6VrQWj3QMAbbjaLsZrBHuaFAO7yHkqrIoO6BG9AslvxDfwg6TYIxKZExys3ie9hSLI1RWibAmHrgJ7aRgbacCRwUwtRgAuweOlh3VEKMppENjxzQfae0aFtp96SlQ/V3RwaxMf04cpX54mbSy8X/vHpq2yeNjMsktSjZaFA7FdQqmidGW1wjs6LvCDDN3a6UdUEDsy7XggshmDx5mlSPDgPHr49KZ+fjOJbIDtklByQgx+SMXJIyqRBGHskzeSVv3pP34n14n6PSGW/cs03+wPv+AXO1pLA=</latexit>

Consider the random variables 

�,� � F,� � F 2, . . . ,� � Fn, . . .
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-Those are identically distributed with respect 
to the invariant probability 

Ergodic Theory
Study of the statistical properties of this sequence of 

random variables 



Exponential decay of correlations

Central Limit Theorem

analyticity of top. pressure

Linear Response results

uniqueness of the inv. prob.

The commander-in-chief



Study of the 
Ruelle-Perron-Frobenious 

operator L

Exponential decay of correlations

Central Limit Theorem

analyticity of top. pressure

Linear Response results

uniqueness of the inv. prob.

The commander-in-chief



Ruelle-Perron-Frobenious operator L

L : L1(m) ! L1(m)
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(L�)(x) =
X

F (y)=x

|DF (y)|�1�(y)

<latexit sha1_base64="sPSqA139ItRxfe+ZbLzl1IkqrUo=">AAACFnicbVBLSwMxGMzWV62vVY9egkVoDy27IuilUFTEg4cK9gFtXbJptg3NPkiy0rLdX+HFv+LFgyJexZv/xmy7B20dCExm5iP5xg4YFdIwvrXM0vLK6lp2PbexubW9o+/uNYQfckzq2Gc+b9lIEEY9UpdUMtIKOEGuzUjTHl4kfvOBcEF9706OA9J1Ud+jDsVIKsnSS4WbTjCgxcKoWOmI0LWiq8K4WBnFcHKZsMl9VDJjmGTUzdLzRtmYAi4SMyV5kKJm6V+dno9Dl3gSMyRE2zQC2Y0QlxQzEuc6oSABwkPUJ21FPeQS0Y2ma8XwSCk96PhcHU/Cqfp7IkKuEGPXVkkXyYGY9xLxP68dSuesG1EvCCXx8OwhJ2RQ+jDpCPYoJ1iysSIIc6r+CvEAcYSlajKnSjDnV14kjeOyaZTN25N89TytIwsOwCEoABOcgiq4BjVQBxg8gmfwCt60J+1Fe9c+ZtGMls7sgz/QPn8Al/KdIQ==</latexit><latexit sha1_base64="sPSqA139ItRxfe+ZbLzl1IkqrUo=">AAACFnicbVBLSwMxGMzWV62vVY9egkVoDy27IuilUFTEg4cK9gFtXbJptg3NPkiy0rLdX+HFv+LFgyJexZv/xmy7B20dCExm5iP5xg4YFdIwvrXM0vLK6lp2PbexubW9o+/uNYQfckzq2Gc+b9lIEEY9UpdUMtIKOEGuzUjTHl4kfvOBcEF9706OA9J1Ud+jDsVIKsnSS4WbTjCgxcKoWOmI0LWiq8K4WBnFcHKZsMl9VDJjmGTUzdLzRtmYAi4SMyV5kKJm6V+dno9Dl3gSMyRE2zQC2Y0QlxQzEuc6oSABwkPUJ21FPeQS0Y2ma8XwSCk96PhcHU/Cqfp7IkKuEGPXVkkXyYGY9xLxP68dSuesG1EvCCXx8OwhJ2RQ+jDpCPYoJ1iysSIIc6r+CvEAcYSlajKnSjDnV14kjeOyaZTN25N89TytIwsOwCEoABOcgiq4BjVQBxg8gmfwCt60J+1Fe9c+ZtGMls7sgz/QPn8Al/KdIQ==</latexit><latexit sha1_base64="sPSqA139ItRxfe+ZbLzl1IkqrUo=">AAACFnicbVBLSwMxGMzWV62vVY9egkVoDy27IuilUFTEg4cK9gFtXbJptg3NPkiy0rLdX+HFv+LFgyJexZv/xmy7B20dCExm5iP5xg4YFdIwvrXM0vLK6lp2PbexubW9o+/uNYQfckzq2Gc+b9lIEEY9UpdUMtIKOEGuzUjTHl4kfvOBcEF9706OA9J1Ud+jDsVIKsnSS4WbTjCgxcKoWOmI0LWiq8K4WBnFcHKZsMl9VDJjmGTUzdLzRtmYAi4SMyV5kKJm6V+dno9Dl3gSMyRE2zQC2Y0QlxQzEuc6oSABwkPUJ21FPeQS0Y2ma8XwSCk96PhcHU/Cqfp7IkKuEGPXVkkXyYGY9xLxP68dSuesG1EvCCXx8OwhJ2RQ+jDpCPYoJ1iysSIIc6r+CvEAcYSlajKnSjDnV14kjeOyaZTN25N89TytIwsOwCEoABOcgiq4BjVQBxg8gmfwCt60J+1Fe9c+ZtGMls7sgz/QPn8Al/KdIQ==</latexit><latexit sha1_base64="sPSqA139ItRxfe+ZbLzl1IkqrUo=">AAACFnicbVBLSwMxGMzWV62vVY9egkVoDy27IuilUFTEg4cK9gFtXbJptg3NPkiy0rLdX+HFv+LFgyJexZv/xmy7B20dCExm5iP5xg4YFdIwvrXM0vLK6lp2PbexubW9o+/uNYQfckzq2Gc+b9lIEEY9UpdUMtIKOEGuzUjTHl4kfvOBcEF9706OA9J1Ud+jDsVIKsnSS4WbTjCgxcKoWOmI0LWiq8K4WBnFcHKZsMl9VDJjmGTUzdLzRtmYAi4SMyV5kKJm6V+dno9Dl3gSMyRE2zQC2Y0QlxQzEuc6oSABwkPUJ21FPeQS0Y2ma8XwSCk96PhcHU/Cqfp7IkKuEGPXVkkXyYGY9xLxP68dSuesG1EvCCXx8OwhJ2RQ+jDpCPYoJ1iysSIIc6r+CvEAcYSlajKnSjDnV14kjeOyaZTN25N89TytIwsOwCEoABOcgiq4BjVQBxg8gmfwCt60J+1Fe9c+ZtGMls7sgz/QPn8Al/KdIQ==</latexit>



Quasi-compactness: Ruelle-Perron-Frobenious 
operator L
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compact operator
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Quasi-compactness: Ruelle-Perron-Frobenious 
operator L

0 1

Spectrum of L acting on L1 

0

Ideal situation 
compact operator

Spectrum of L acting on  
Banach space of Holder 

functions

0 11

Quasi-compactness!



Ongoing quest  in metric theory of expanding maps:

With weaker assumptions on the expanding map we obtain a 
wide class of observables for which exponential decay of 
correlations, central limit theorem, etc… holds.

Examples:  

Piecewise C2 (C1+alpha) expanding maps (non-markovian), Lorenz 
1-d maps (derivative goes to infinity at some points), 1-d 
expanding maps with infinitely many branches, piecewise  
multidimensional measure-expanding maps, expanding maps 
defined on fractals.



A bit of history
Markovian expanding maps: Gauss, Borel, Rényi, Ulam, Krzyżewski&Szlenk, 
Ruelle, Sinai, Walters, Parry, Pollicott.

Lasota&Yorke, Keller&Hofbauer:  Piecewise C^2 1-d expanding maps (estimate-free)

Keller:  Piecewise C^{1+alpha} 1-d expanding maps (estimate-free) 

Tsujii, Buzzi: piecewise real analytic multidimensional expanding maps (estimate-free).  

Saussol: piecewise multidimensional expanding maps.  

BV space

generalised p-bounded variation space. 

generalised p-bounded variation space. 

generalised p-bounded variation space. 

Góra and A. Boyarsky:  Piecewise C^2 expanding maps
BV space



Tsujii, Avila-Gouezel-Tsujii (Fat Solenoidal attractor. Smooth maps) 

Thomine (piecewise smooth maps on surfaces, inspired in Baladi-Gouezel) 
Sobolev space

Sobolev space

Recent stuff

Eslami (Expanding maps on metric spaces)
Standard pairs (Chernov-Dolgopyat )

Nakano&Sakamoto (smooth expanding maps on manifolds)
Besov spaces

Liverani (piecewise C^{1+\alpha} with an infinity number of branches and Holder 
potentials)
Space of certain regular measures.
Butterley (piecewise C^{1+\alpha} with finite  many branches and Holder potentials)
Space of certain regular measures.



We want to give yet another  Banach  space of 
functions where quasi-compactness of the 

RPF-operator holds, even when the map and/or 
phase space and/or potential are very irregular.  

WHY?????????



Selling points
1. The Banach space has a very elementary definition.

2.  In lots of  situations this Banach space includes previous Banach spaces  
in literature (in particular the Keller space of generalised p-bounded variation)  
3. In many situations these Banach space coincides with Besov spaces!   

4. We have results for Besov potentials! (but it is not a estimate-free result)   

5. The reason for the quasi-compactness of L is very easy to explain.

6. Unified approach for Lorenz maps, maps defined in fractals and 
multidimensional piecewise smooth expanding maps with fractal domains. 



Our  
Banach Space(s)



Setting 

(I,m) measure space with probability measure m.
<latexit sha1_base64="mLMFAHj7+CNmGW8Gn66QfCyDIhQ=">AAACHHicbVDLSgNBEJyNrxhfUY9eBhMhgoTdeNBj0IveIpgHJCHMTjrJkJndZaZXCSEf4sVf8eJBES8eBP/GyQPRxIKGoqqb7i4/ksKg6345iaXlldW15HpqY3Nreye9u1cxYaw5lHkoQ13zmQEpAiijQAm1SANTvoSq378c+9U70EaEwS0OImgq1g1ER3CGVmqlT7O56xN1nKUKmIk1UBMxDvReYI9GOvSZL6TAwY+dVdl8K51x8+4EdJF4M5IhM5Ra6Y9GO+SxggC5ZMbUPTfC5pBpFFzCKNWIDdi1fdaFuqUBU2Caw8lzI3pklTbthNpWgHSi/p4YMmXMQPm2UzHsmXlvLP7n1WPsnDeHIohihIBPF3ViSTGk46RoW2jgKAeWMK6FvZXyHtOMo80zZUPw5l9eJJVC3nPz3k0hU7yYxZEkB+SQ5IhHzkiRXJESKRNOHsgTeSGvzqPz7Lw579PWhDOb2Sd/4Hx+A/hboBI=</latexit><latexit sha1_base64="mLMFAHj7+CNmGW8Gn66QfCyDIhQ=">AAACHHicbVDLSgNBEJyNrxhfUY9eBhMhgoTdeNBj0IveIpgHJCHMTjrJkJndZaZXCSEf4sVf8eJBES8eBP/GyQPRxIKGoqqb7i4/ksKg6345iaXlldW15HpqY3Nreye9u1cxYaw5lHkoQ13zmQEpAiijQAm1SANTvoSq378c+9U70EaEwS0OImgq1g1ER3CGVmqlT7O56xN1nKUKmIk1UBMxDvReYI9GOvSZL6TAwY+dVdl8K51x8+4EdJF4M5IhM5Ra6Y9GO+SxggC5ZMbUPTfC5pBpFFzCKNWIDdi1fdaFuqUBU2Caw8lzI3pklTbthNpWgHSi/p4YMmXMQPm2UzHsmXlvLP7n1WPsnDeHIohihIBPF3ViSTGk46RoW2jgKAeWMK6FvZXyHtOMo80zZUPw5l9eJJVC3nPz3k0hU7yYxZEkB+SQ5IhHzkiRXJESKRNOHsgTeSGvzqPz7Lw579PWhDOb2Sd/4Hx+A/hboBI=</latexit><latexit sha1_base64="mLMFAHj7+CNmGW8Gn66QfCyDIhQ=">AAACHHicbVDLSgNBEJyNrxhfUY9eBhMhgoTdeNBj0IveIpgHJCHMTjrJkJndZaZXCSEf4sVf8eJBES8eBP/GyQPRxIKGoqqb7i4/ksKg6345iaXlldW15HpqY3Nreye9u1cxYaw5lHkoQ13zmQEpAiijQAm1SANTvoSq378c+9U70EaEwS0OImgq1g1ER3CGVmqlT7O56xN1nKUKmIk1UBMxDvReYI9GOvSZL6TAwY+dVdl8K51x8+4EdJF4M5IhM5Ra6Y9GO+SxggC5ZMbUPTfC5pBpFFzCKNWIDdi1fdaFuqUBU2Caw8lzI3pklTbthNpWgHSi/p4YMmXMQPm2UzHsmXlvLP7n1WPsnDeHIohihIBPF3ViSTGk46RoW2jgKAeWMK6FvZXyHtOMo80zZUPw5l9eJJVC3nPz3k0hU7yYxZEkB+SQ5IhHzkiRXJESKRNOHsgTeSGvzqPz7Lw579PWhDOb2Sd/4Hx+A/hboBI=</latexit><latexit sha1_base64="mLMFAHj7+CNmGW8Gn66QfCyDIhQ=">AAACHHicbVDLSgNBEJyNrxhfUY9eBhMhgoTdeNBj0IveIpgHJCHMTjrJkJndZaZXCSEf4sVf8eJBES8eBP/GyQPRxIKGoqqb7i4/ksKg6345iaXlldW15HpqY3Nreye9u1cxYaw5lHkoQ13zmQEpAiijQAm1SANTvoSq378c+9U70EaEwS0OImgq1g1ER3CGVmqlT7O56xN1nKUKmIk1UBMxDvReYI9GOvSZL6TAwY+dVdl8K51x8+4EdJF4M5IhM5Ra6Y9GO+SxggC5ZMbUPTfC5pBpFFzCKNWIDdi1fdaFuqUBU2Caw8lzI3pklTbthNpWgHSi/p4YMmXMQPm2UzHsmXlvLP7n1WPsnDeHIohihIBPF3ViSTGk46RoW2jgKAeWMK6FvZXyHtOMo80zZUPw5l9eJJVC3nPz3k0hU7yYxZEkB+SQ5IhHzkiRXJESKRNOHsgTeSGvzqPz7Lw579PWhDOb2Sd/4Hx+A/hboBI=</latexit>

Pk
<latexit sha1_base64="KgNeOO6/iDpRFJBizJJSVbB7NVc=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vxpUi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wd6epLi</latexit><latexit sha1_base64="KgNeOO6/iDpRFJBizJJSVbB7NVc=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vxpUi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wd6epLi</latexit><latexit sha1_base64="KgNeOO6/iDpRFJBizJJSVbB7NVc=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vxpUi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wd6epLi</latexit><latexit sha1_base64="KgNeOO6/iDpRFJBizJJSVbB7NVc=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vxpUi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wd6epLi</latexit>

sequence of  nested partitions of I with bounded geometry. 

I
P0

<latexit sha1_base64="qkcXIVpdLK9vv+f9lKz2AKqXKHA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJq5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMgmJKn</latexit><latexit sha1_base64="qkcXIVpdLK9vv+f9lKz2AKqXKHA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJq5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMgmJKn</latexit><latexit sha1_base64="qkcXIVpdLK9vv+f9lKz2AKqXKHA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJq5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMgmJKn</latexit><latexit sha1_base64="qkcXIVpdLK9vv+f9lKz2AKqXKHA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJq5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMgmJKn</latexit>

P1
<latexit sha1_base64="jKr1TZQa6S9tbj+fpXF+91UsK00=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJr5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMiHpKo</latexit><latexit sha1_base64="jKr1TZQa6S9tbj+fpXF+91UsK00=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJr5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMiHpKo</latexit><latexit sha1_base64="jKr1TZQa6S9tbj+fpXF+91UsK00=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJr5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMiHpKo</latexit><latexit sha1_base64="jKr1TZQa6S9tbj+fpXF+91UsK00=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vzJr5YHbsWreQugdeIXpAIFmgP3qz+UJI2pMIRjrXu+l5ggw8owwum83E81TTCZ4BHtWSpwTHWQLZLP0aVVhiiSyj5h0EL9vZHhWOtZHNrJPKZe9XLxP6+XmugmyJhIUkMFWR6KUo6MRHkNaMgUJYbPLMFEMZsVkTFWmBhbVl6Cv/rlddKu13yv5j/UK43boo4SnMMFXIEP19CAe2hCCwhM4Rle4c3JnBfn3flYjm44xc4Z/IHz+QMiHpKo</latexit>

P2
<latexit sha1_base64="zJ29lDoFju3hvBVWQfyfZ8VbH6o=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vypXi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wcjpJKp</latexit><latexit sha1_base64="zJ29lDoFju3hvBVWQfyfZ8VbH6o=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vypXi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wcjpJKp</latexit><latexit sha1_base64="zJ29lDoFju3hvBVWQfyfZ8VbH6o=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vypXi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wcjpJKp</latexit><latexit sha1_base64="zJ29lDoFju3hvBVWQfyfZ8VbH6o=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIxVUkXGCtYGItEH1IbKsd1WquOHdlOpSrqn7AwgBArf8LG3+C0GaDlSJaOzrlX9/iECWfaeN63s7G5tb2zW9or7x8cHh27J6dtLVNFaItILlU3xJpyJmjLMMNpN1EUxyGnnXByl/udKVWaSfFoZgkNYjwSLGIEGysNXLfaj7EZE8yz5vypXi0P3IpX8xZA68QvSAUKNAfuV38oSRpTYQjHWvd8LzFBhpVhhNN5uZ9qmmAywSPas1TgmOogWySfo0urDFEklX3CoIX6eyPDsdazOLSTeUy96uXif14vNdFNkDGRpIYKsjwUpRwZifIa0JApSgyfWYKJYjYrImOsMDG2rLwEf/XL66Rdr/lezX+oVxq3RR0lOIcLuAIfrqEB99CEFhCYwjO8wpuTOS/Ou/OxHN1wip0z+APn8wcjpJKp</latexit>



Bounded Geometry 
P 2 Pk

<latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit><latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit><latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit><latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit>

Q 2 Pk+1
<latexit sha1_base64="LO4EdpCJeZhBXFqF8Dm4spoou0Q=">AAACAnicbVBNS8NAEJ34WetX1JN4WWwFQShJL3osevHYgv2AJpbNdtMu3WzC7kYoIXjxr3jxoIhXf4U3/41Jm4O2Phh4vDfDzDwv4kxpy/o2VlbX1jc2S1vl7Z3dvX3z4LCjwlgS2iYhD2XPw4pyJmhbM81pL5IUBx6nXW9yk/vdByoVC8WdnkbUDfBIMJ8RrDNpYB5XWw4TyAmwHhPMk2Z6n0wu7LRaHpgVq2bNgJaJXZAKFGgOzC9nGJI4oEITjpXq21ak3QRLzQinadmJFY0wmeAR7WdU4IAqN5m9kKKzTBkiP5RZCY1m6u+JBAdKTQMv68xPVYteLv7n9WPtX7kJE1GsqSDzRX7MkQ5RngcaMkmJ5tOMYCJZdisiYywx0VlqeQj24svLpFOv2VbNbtUrjesijhKcwCmcgw2X0IBbaEIbCDzCM7zCm/FkvBjvxse8dcUoZo7gD4zPH4b5ljQ=</latexit><latexit sha1_base64="LO4EdpCJeZhBXFqF8Dm4spoou0Q=">AAACAnicbVBNS8NAEJ34WetX1JN4WWwFQShJL3osevHYgv2AJpbNdtMu3WzC7kYoIXjxr3jxoIhXf4U3/41Jm4O2Phh4vDfDzDwv4kxpy/o2VlbX1jc2S1vl7Z3dvX3z4LCjwlgS2iYhD2XPw4pyJmhbM81pL5IUBx6nXW9yk/vdByoVC8WdnkbUDfBIMJ8RrDNpYB5XWw4TyAmwHhPMk2Z6n0wu7LRaHpgVq2bNgJaJXZAKFGgOzC9nGJI4oEITjpXq21ak3QRLzQinadmJFY0wmeAR7WdU4IAqN5m9kKKzTBkiP5RZCY1m6u+JBAdKTQMv68xPVYteLv7n9WPtX7kJE1GsqSDzRX7MkQ5RngcaMkmJ5tOMYCJZdisiYywx0VlqeQj24svLpFOv2VbNbtUrjesijhKcwCmcgw2X0IBbaEIbCDzCM7zCm/FkvBjvxse8dcUoZo7gD4zPH4b5ljQ=</latexit><latexit sha1_base64="LO4EdpCJeZhBXFqF8Dm4spoou0Q=">AAACAnicbVBNS8NAEJ34WetX1JN4WWwFQShJL3osevHYgv2AJpbNdtMu3WzC7kYoIXjxr3jxoIhXf4U3/41Jm4O2Phh4vDfDzDwv4kxpy/o2VlbX1jc2S1vl7Z3dvX3z4LCjwlgS2iYhD2XPw4pyJmhbM81pL5IUBx6nXW9yk/vdByoVC8WdnkbUDfBIMJ8RrDNpYB5XWw4TyAmwHhPMk2Z6n0wu7LRaHpgVq2bNgJaJXZAKFGgOzC9nGJI4oEITjpXq21ak3QRLzQinadmJFY0wmeAR7WdU4IAqN5m9kKKzTBkiP5RZCY1m6u+JBAdKTQMv68xPVYteLv7n9WPtX7kJE1GsqSDzRX7MkQ5RngcaMkmJ5tOMYCJZdisiYywx0VlqeQj24svLpFOv2VbNbtUrjesijhKcwCmcgw2X0IBbaEIbCDzCM7zCm/FkvBjvxse8dcUoZo7gD4zPH4b5ljQ=</latexit><latexit sha1_base64="LO4EdpCJeZhBXFqF8Dm4spoou0Q=">AAACAnicbVBNS8NAEJ34WetX1JN4WWwFQShJL3osevHYgv2AJpbNdtMu3WzC7kYoIXjxr3jxoIhXf4U3/41Jm4O2Phh4vDfDzDwv4kxpy/o2VlbX1jc2S1vl7Z3dvX3z4LCjwlgS2iYhD2XPw4pyJmhbM81pL5IUBx6nXW9yk/vdByoVC8WdnkbUDfBIMJ8RrDNpYB5XWw4TyAmwHhPMk2Z6n0wu7LRaHpgVq2bNgJaJXZAKFGgOzC9nGJI4oEITjpXq21ak3QRLzQinadmJFY0wmeAR7WdU4IAqN5m9kKKzTBkiP5RZCY1m6u+JBAdKTQMv68xPVYteLv7n9WPtX7kJE1GsqSDzRX7MkQ5RngcaMkmJ5tOMYCJZdisiYywx0VlqeQj24svLpFOv2VbNbtUrjesijhKcwCmcgw2X0IBbaEIbCDzCM7zCm/FkvBjvxse8dcUoZo7gD4zPH4b5ljQ=</latexit>

0 < �1  |Q|
|P |  �2 < 1.

<latexit sha1_base64="6dEqeBxEx7WOkmttdKosWf0Bkrk=">AAACJHicbVC7TsMwFHV4lvIqMLJYtEhMUdIFJDpUsDC2En1ITVU5jtNadZxgO0hVmo9h4VdYGHiIgYVvwWkjBC1HsnR0zrm6vseNGJXKsj6NldW19Y3NwlZxe2d3b790cNiWYSwwaeGQhaLrIkkY5aSlqGKkGwmCApeRjju+zvzOPRGShvxWTSLSD9CQU59ipLQ0KF1WKlYNOkxPeGhga0buoOMLhJNpc5om08Y0nYs/oSqsQdusVIqDUtkyrRngMrFzUgY5GoPSm+OFOA4IV5ghKXu2Fal+goSimJG06MSSRAiP0ZD0NOUoILKfzI5M4alWPOiHQj+u4Ez9PZGgQMpJ4OpkgNRILnqZ+J/Xi5V/0U8oj2JFOJ4v8mMGVQizxqBHBcGKTTRBWFD9V4hHSDekdK9ZCfbiycukXTVty7Sb1XL9Kq+jAI7BCTgDNjgHdXADGqAFMHgAT+AFvBqPxrPxbnzMoytGPnME/sD4+gYH1aHo</latexit><latexit sha1_base64="6dEqeBxEx7WOkmttdKosWf0Bkrk=">AAACJHicbVC7TsMwFHV4lvIqMLJYtEhMUdIFJDpUsDC2En1ITVU5jtNadZxgO0hVmo9h4VdYGHiIgYVvwWkjBC1HsnR0zrm6vseNGJXKsj6NldW19Y3NwlZxe2d3b790cNiWYSwwaeGQhaLrIkkY5aSlqGKkGwmCApeRjju+zvzOPRGShvxWTSLSD9CQU59ipLQ0KF1WKlYNOkxPeGhga0buoOMLhJNpc5om08Y0nYs/oSqsQdusVIqDUtkyrRngMrFzUgY5GoPSm+OFOA4IV5ghKXu2Fal+goSimJG06MSSRAiP0ZD0NOUoILKfzI5M4alWPOiHQj+u4Ez9PZGgQMpJ4OpkgNRILnqZ+J/Xi5V/0U8oj2JFOJ4v8mMGVQizxqBHBcGKTTRBWFD9V4hHSDekdK9ZCfbiycukXTVty7Sb1XL9Kq+jAI7BCTgDNjgHdXADGqAFMHgAT+AFvBqPxrPxbnzMoytGPnME/sD4+gYH1aHo</latexit><latexit sha1_base64="6dEqeBxEx7WOkmttdKosWf0Bkrk=">AAACJHicbVC7TsMwFHV4lvIqMLJYtEhMUdIFJDpUsDC2En1ITVU5jtNadZxgO0hVmo9h4VdYGHiIgYVvwWkjBC1HsnR0zrm6vseNGJXKsj6NldW19Y3NwlZxe2d3b790cNiWYSwwaeGQhaLrIkkY5aSlqGKkGwmCApeRjju+zvzOPRGShvxWTSLSD9CQU59ipLQ0KF1WKlYNOkxPeGhga0buoOMLhJNpc5om08Y0nYs/oSqsQdusVIqDUtkyrRngMrFzUgY5GoPSm+OFOA4IV5ghKXu2Fal+goSimJG06MSSRAiP0ZD0NOUoILKfzI5M4alWPOiHQj+u4Ez9PZGgQMpJ4OpkgNRILnqZ+J/Xi5V/0U8oj2JFOJ4v8mMGVQizxqBHBcGKTTRBWFD9V4hHSDekdK9ZCfbiycukXTVty7Sb1XL9Kq+jAI7BCTgDNjgHdXADGqAFMHgAT+AFvBqPxrPxbnzMoytGPnME/sD4+gYH1aHo</latexit><latexit sha1_base64="6dEqeBxEx7WOkmttdKosWf0Bkrk=">AAACJHicbVC7TsMwFHV4lvIqMLJYtEhMUdIFJDpUsDC2En1ITVU5jtNadZxgO0hVmo9h4VdYGHiIgYVvwWkjBC1HsnR0zrm6vseNGJXKsj6NldW19Y3NwlZxe2d3b790cNiWYSwwaeGQhaLrIkkY5aSlqGKkGwmCApeRjju+zvzOPRGShvxWTSLSD9CQU59ipLQ0KF1WKlYNOkxPeGhga0buoOMLhJNpc5om08Y0nYs/oSqsQdusVIqDUtkyrRngMrFzUgY5GoPSm+OFOA4IV5ghKXu2Fal+goSimJG06MSSRAiP0ZD0NOUoILKfzI5M4alWPOiHQj+u4Ez9PZGgQMpJ4OpkgNRILnqZ+J/Xi5V/0U8oj2JFOJ4v8mMGVQizxqBHBcGKTTRBWFD9V4hHSDekdK9ZCfbiycukXTVty7Sb1XL9Kq+jAI7BCTgDNjgHdXADGqAFMHgAT+AFvBqPxrPxbnzMoytGPnME/sD4+gYH1aHo</latexit>



(s,p)-Souza’s Atoms.

P 2 Pk
<latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit><latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit><latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit><latexit sha1_base64="C3jb5xmxhnc1mhJ+VXK1nULYRZQ=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAVXJWkG10W3biMYB/QxDKZTtuhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnDDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOLnJ/c4jlYrF4l5PExpEeCTYkBGsjdS3T2qezwTyI6zHBPPMmz1MapW+XXXqzhxolbgFqUIBr29/+YOYpBEVmnCsVM91Eh1kWGpGOJ1V/FTRBJMJHtGeoQJHVAXZPP4MnRtlgIaxNE9oNFd/b2Q4UmoahWYyj6mWvVz8z+ulengVZEwkqaaCLA4NU450jPIu0IBJSjSfGoKJZCYrImMsMdGmsbwEd/nLq6TdqLtO3b1rVJvXRR1lOIUzuAAXLqEJt+BBCwhk8Ayv8GY9WS/Wu/WxGC1Zxc4x/IH1+QPMQZS3</latexit>

P

aP (x) =

(
|P |s�1/p, if x 2 P,

0, if x 62 P.
<latexit sha1_base64="W9ZpoxRKTh6KcQPfZwlqw4+Jez8="></latexit><latexit sha1_base64="3qvy0jLsONSTVgomwEwjxYw0fuE="></latexit><latexit sha1_base64="3qvy0jLsONSTVgomwEwjxYw0fuE="></latexit><latexit sha1_base64="kfDP2o++aYwY7PKKz7GaTf9ck6E="></latexit>



Atomic Decomposition

0 < s < 1/p, p � 1, q � 1
<latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit><latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit><latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit><latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit>

Besov space Bs
p,q = Bs

p,q(I,m, (Pk)k)
<latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit><latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit><latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit><latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit>

� =
X

k

X

P2Pk

cPaP
<latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit><latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit><latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit><latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit>

�X

k

� X

P2Pk

|cP |p
�q/p�1/q

< 1
<latexit sha1_base64="bJ/SLKLY59CG+rHdtwpyqv2ceEs="></latexit><latexit sha1_base64="bJ/SLKLY59CG+rHdtwpyqv2ceEs="></latexit><latexit sha1_base64="bJ/SLKLY59CG+rHdtwpyqv2ceEs="></latexit><latexit sha1_base64="bJ/SLKLY59CG+rHdtwpyqv2ceEs="></latexit>



Atomic Decomposition

0 < s < 1/p, p � 1, q � 1
<latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit><latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit><latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit><latexit sha1_base64="YT5kgyF+yvkHmKmh62agBWG5KOI=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SAypxFxg6VLAwFolepCaqHNdprTqOaztIVdQXYOFVWBhAiJWdjbchaTNAyy9Z+vSfc3R8fl9ypo3jfFsrq2vrG5uFreL2zu7evn1w2NJRrAhtkohHquNjTTkTtGmY4bQjFcWhz2nbH91k9fYDVZpF4t5MJPVCPBAsYASb1OrZ5bJTg7oG0YU8hy6U0B3QMUQZj3MuF3t2yak4M8FlQDmUQK5Gz/5y+xGJQyoM4VjrLnKk8RKsDCOcToturKnEZIQHtJuiwCHVXjK7ZgpPU6cPg0ilTxg4c39PJDjUehL6aWeIzVAv1jLzv1o3NsGVlzAhY0MFmS8KYg5NBLNoYJ8pSgyfpICJYulfIRlihYlJA8xCQIsnL0OrWkFOBd1VS/XrPI4COAYn4AwgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB/0dlxM=</latexit>

� =
X

k

X

P2Pk

cPaP
<latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit><latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit><latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit><latexit sha1_base64="09hOmP8Ilm1t9JsNruFlMbX6aNI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuQiKCboSiG5cR7AOaGCbTSTt0ZhJmJkIJ+Qs3/oobF4q41Z1/46TNQlsvDHM451zuvSdKGVXacb6tpeWV1bX12kZ9c2t7Z7ext99RSSYxaeOEJbIXIUUYFaStqWakl0qCeMRINxpfl3r3gUhFE3GnJykJOBoKGlOMtKHChu2nI3oJfZXxcDz7cs+nAvoc6RFGLPeK+3EBcehBFHpho+nYzrTgInAr0ARVGf+XP0hwxonQmCGl+q6T6iBHUlPMSFH3M0VShMdoSPoGCsSJCvLpXQU8NswAxok0T2g4ZX935IgrNeGRcZbbqnmtJP/T+pmOL4KcijTTRODZoDhjUCewDAkOqCRYs4kBCEtqdoV4hCTC2kRZNyG48ycvgs6p7Tq2e3vWbF1VcdTAITgCJ8AF56AFboAH2gCDR/AMXsGb9WS9WO/Wx8y6ZFU9B+BPWZ8/U1afYA==</latexit>

Suppose that  

converges absolutely on Lp. The (s,p,q)-cost of this representation is   

�X

k

� X

P2Pk

|cP |p
�q/p�1/q

<latexit sha1_base64="dsMKmG1TeF9VQG0HY4MgDa7YqMs="></latexit><latexit sha1_base64="dsMKmG1TeF9VQG0HY4MgDa7YqMs="></latexit><latexit sha1_base64="dsMKmG1TeF9VQG0HY4MgDa7YqMs="></latexit><latexit sha1_base64="dsMKmG1TeF9VQG0HY4MgDa7YqMs="></latexit>



Besov space Bs
p,q = Bs

p,q(I,m, (Pk)k)
<latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit><latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit><latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit><latexit sha1_base64="HsK/P5jj7gx4CV9FzQaT0WM2+cQ="></latexit>

� 2 Lp(m)
<latexit sha1_base64="2fNhpvKu0HtOghLaDyF6D4Y8JF8=">AAAB+nicbVDLTgIxFO3gC/E16NJNI5jghsyw0SXRjQsXmMgjYUbSKQUa2k7TdjRk5FPcuNAYt36JO//GArNQ8CQ3OTnn3tx7TyQZ1cbzvp3c2vrG5lZ+u7Czu7d/4BYPWzpOFCZNHLNYdSKkCaOCNA01jHSkIohHjLSj8dXMbz8QpWks7sxEkpCjoaADipGxUs8tlgM5ojCgAt7cywo/K/fcklf15oCrxM9ICWRo9NyvoB/jhBNhMENad31PmjBFylDMyLQQJJpIhMdoSLqWCsSJDtP56VN4apU+HMTKljBwrv6eSBHXesIj28mRGellbyb+53UTM7gIUypkYojAi0WDhEETw1kOsE8VwYZNLEFYUXsrxCOkEDY2rYINwV9+eZW0alXfq/q3tVL9MosjD47BCagAH5yDOrgGDdAEGDyCZ/AK3pwn58V5dz4WrTknmzkCf+B8/gAAC5KD</latexit><latexit sha1_base64="2fNhpvKu0HtOghLaDyF6D4Y8JF8=">AAAB+nicbVDLTgIxFO3gC/E16NJNI5jghsyw0SXRjQsXmMgjYUbSKQUa2k7TdjRk5FPcuNAYt36JO//GArNQ8CQ3OTnn3tx7TyQZ1cbzvp3c2vrG5lZ+u7Czu7d/4BYPWzpOFCZNHLNYdSKkCaOCNA01jHSkIohHjLSj8dXMbz8QpWks7sxEkpCjoaADipGxUs8tlgM5ojCgAt7cywo/K/fcklf15oCrxM9ICWRo9NyvoB/jhBNhMENad31PmjBFylDMyLQQJJpIhMdoSLqWCsSJDtP56VN4apU+HMTKljBwrv6eSBHXesIj28mRGellbyb+53UTM7gIUypkYojAi0WDhEETw1kOsE8VwYZNLEFYUXsrxCOkEDY2rYINwV9+eZW0alXfq/q3tVL9MosjD47BCagAH5yDOrgGDdAEGDyCZ/AK3pwn58V5dz4WrTknmzkCf+B8/gAAC5KD</latexit><latexit sha1_base64="2fNhpvKu0HtOghLaDyF6D4Y8JF8=">AAAB+nicbVDLTgIxFO3gC/E16NJNI5jghsyw0SXRjQsXmMgjYUbSKQUa2k7TdjRk5FPcuNAYt36JO//GArNQ8CQ3OTnn3tx7TyQZ1cbzvp3c2vrG5lZ+u7Czu7d/4BYPWzpOFCZNHLNYdSKkCaOCNA01jHSkIohHjLSj8dXMbz8QpWks7sxEkpCjoaADipGxUs8tlgM5ojCgAt7cywo/K/fcklf15oCrxM9ICWRo9NyvoB/jhBNhMENad31PmjBFylDMyLQQJJpIhMdoSLqWCsSJDtP56VN4apU+HMTKljBwrv6eSBHXesIj28mRGellbyb+53UTM7gIUypkYojAi0WDhEETw1kOsE8VwYZNLEFYUXsrxCOkEDY2rYINwV9+eZW0alXfq/q3tVL9MosjD47BCagAH5yDOrgGDdAEGDyCZ/AK3pwn58V5dz4WrTknmzkCf+B8/gAAC5KD</latexit><latexit sha1_base64="2fNhpvKu0HtOghLaDyF6D4Y8JF8=">AAAB+nicbVDLTgIxFO3gC/E16NJNI5jghsyw0SXRjQsXmMgjYUbSKQUa2k7TdjRk5FPcuNAYt36JO//GArNQ8CQ3OTnn3tx7TyQZ1cbzvp3c2vrG5lZ+u7Czu7d/4BYPWzpOFCZNHLNYdSKkCaOCNA01jHSkIohHjLSj8dXMbz8QpWks7sxEkpCjoaADipGxUs8tlgM5ojCgAt7cywo/K/fcklf15oCrxM9ICWRo9NyvoB/jhBNhMENad31PmjBFylDMyLQQJJpIhMdoSLqWCsSJDtP56VN4apU+HMTKljBwrv6eSBHXesIj28mRGellbyb+53UTM7gIUypkYojAi0WDhEETw1kOsE8VwYZNLEFYUXsrxCOkEDY2rYINwV9+eZW0alXfq/q3tVL9MosjD47BCagAH5yDOrgGDdAEGDyCZ/AK3pwn58V5dz4WrTknmzkCf+B8/gAAC5KD</latexit>

belongs to  Bs
p,q

<latexit sha1_base64="2mThJ/CyC013p6lcVst9mDrT8Pw=">AAAB/nicbVDLSsNAFL3xWesrKq7cBFvBhZSkG12WunFZwT6gjWEynbRDJ5M4MxFKCPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOX7MqFS2/W2srK6tb2yWtsrbO7t7++bBYUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQ697uPREga8Ts1jYkbohGnAcVIackzj6uDEKkxRixtZvfSS+OLh6zqmRW7Zs9gLROnIBUo0PLMr8EwwklIuMIMSdl37Fi5KRKKYkay8iCRJEZ4gkakrylHIZFuOoufWWdaGVpBJPTjypqpvzdSFEo5DX09mWeVi14u/uf1ExVcuSnlcaIIx/NDQcIsFVl5F9aQCoIVm2qCsKA6q4XHSCCsdGNlXYKz+OVl0qnXHLvm3NYrjWZRRwlO4BTOwYFLaMANtKANGFJ4hld4M56MF+Pd+JiPrhjFzhH8gfH5A96ilWg=</latexit><latexit sha1_base64="2mThJ/CyC013p6lcVst9mDrT8Pw=">AAAB/nicbVDLSsNAFL3xWesrKq7cBFvBhZSkG12WunFZwT6gjWEynbRDJ5M4MxFKCPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOX7MqFS2/W2srK6tb2yWtsrbO7t7++bBYUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQ697uPREga8Ts1jYkbohGnAcVIackzj6uDEKkxRixtZvfSS+OLh6zqmRW7Zs9gLROnIBUo0PLMr8EwwklIuMIMSdl37Fi5KRKKYkay8iCRJEZ4gkakrylHIZFuOoufWWdaGVpBJPTjypqpvzdSFEo5DX09mWeVi14u/uf1ExVcuSnlcaIIx/NDQcIsFVl5F9aQCoIVm2qCsKA6q4XHSCCsdGNlXYKz+OVl0qnXHLvm3NYrjWZRRwlO4BTOwYFLaMANtKANGFJ4hld4M56MF+Pd+JiPrhjFzhH8gfH5A96ilWg=</latexit><latexit sha1_base64="2mThJ/CyC013p6lcVst9mDrT8Pw=">AAAB/nicbVDLSsNAFL3xWesrKq7cBFvBhZSkG12WunFZwT6gjWEynbRDJ5M4MxFKCPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOX7MqFS2/W2srK6tb2yWtsrbO7t7++bBYUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQ697uPREga8Ts1jYkbohGnAcVIackzj6uDEKkxRixtZvfSS+OLh6zqmRW7Zs9gLROnIBUo0PLMr8EwwklIuMIMSdl37Fi5KRKKYkay8iCRJEZ4gkakrylHIZFuOoufWWdaGVpBJPTjypqpvzdSFEo5DX09mWeVi14u/uf1ExVcuSnlcaIIx/NDQcIsFVl5F9aQCoIVm2qCsKA6q4XHSCCsdGNlXYKz+OVl0qnXHLvm3NYrjWZRRwlO4BTOwYFLaMANtKANGFJ4hld4M56MF+Pd+JiPrhjFzhH8gfH5A96ilWg=</latexit><latexit sha1_base64="2mThJ/CyC013p6lcVst9mDrT8Pw=">AAAB/nicbVDLSsNAFL3xWesrKq7cBFvBhZSkG12WunFZwT6gjWEynbRDJ5M4MxFKCPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOX7MqFS2/W2srK6tb2yWtsrbO7t7++bBYUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQ697uPREga8Ts1jYkbohGnAcVIackzj6uDEKkxRixtZvfSS+OLh6zqmRW7Zs9gLROnIBUo0PLMr8EwwklIuMIMSdl37Fi5KRKKYkay8iCRJEZ4gkakrylHIZFuOoufWWdaGVpBJPTjypqpvzdSFEo5DX09mWeVi14u/uf1ExVcuSnlcaIIx/NDQcIsFVl5F9aQCoIVm2qCsKA6q4XHSCCsdGNlXYKz+OVl0qnXHLvm3NYrjWZRRwlO4BTOwYFLaMANtKANGFJ4hld4M56MF+Pd+JiPrhjFzhH8gfH5A96ilWg=</latexit>

iff   �
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has a presentation with 

 finite (s,p,q)-cost.





History

Coifman (1974): Atomic decomposition of real Hardy spaces of R 
Frazier and B. Jawerth (1985): Atomic decomposition (smooth atoms) 
of  Besov spaces in R^n.

G. de Souza (1985): Atomic decomposition (Souza's atoms) of  
certain Besov spaces in R.

Gu and Taibleson (1992): Martingale Besov spaces. 

Han and Sawyer (1994) and Han, Lu and Yang (1999): Atomic 


decomposition (with Holder atoms) of homogeneous spaces.

DeVore and V. A. Popov (1988): atomic decomposition (splines) for Besov 
spaces of [0,1]^n.



Why we have  
quasi-compactness 

of L?



F(x)=2x mod 1

P



L(aP ) = L(|P |s�1/p1P ) =
|P |s�1/p

2
12P

=
1

21�(1/p�s)
|2P |s�1/p12P =

1

21�(1/p�s)
a2P
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< 1

For small atoms (support  smaller than 1/2), the image by L of an atom is a small 
fraction of an atom.

P 2P

L a2P

aP

L(aP)
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X

P2Pk

cPaP

=
X

k>k0

X

P2Pk

cPaP +
X

kk0

X

P2Pk

cPaP .

<latexit sha1_base64="DQBUu2RP5G/DQH5RVr1vcT6Ze8U="></latexit><latexit sha1_base64="DQBUu2RP5G/DQH5RVr1vcT6Ze8U="></latexit><latexit sha1_base64="DQBUu2RP5G/DQH5RVr1vcT6Ze8U="></latexit><latexit sha1_base64="DQBUu2RP5G/DQH5RVr1vcT6Ze8U="></latexit>

small atoms large atoms (finite number of them!)

L contracts this part! Finite rank part!

L= contraction + Finite rank -> quasi-compactness
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W

W

Q

crQaQ

h−1
r Q

Φr

crQΦr(aQ)

crQdQ,W bQ,W

!

crQΦr(aQ)1W

Figure 2.

Step 2. The image of a fraction of a Souza’s atom cQaQ, with Q ⊂ Ir, by
Φr is not, in general, a fraction of an atom itself. So we need to cut it in
fractions of Besov atoms. In the picture we see the cut above W , that is
crQΦr(aQ)1W . We show that this is a fraction crQdQ,W bQ,W of a Besov
atom bQ,W .
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Table 2. Most important symbols

Symbol Description

Abs
s,β,p,q′ class of (s,β, p, q′)-Besov’s atoms
P good grid of Ω
Pk partition at the k-th level of P

Bs
p,q,Bs

p,q(Asz
s,p) (s,p,q)-Banach space defined by Souza’s atoms

Q,W elements of partitions in P
{gr}r∈Λ family of potentials
| · |p norm in Lp, p ∈ [1,∞].
Φ transfer operator.
p′ 1/p+ 1/p′ = 1.

Figure 1. Dynamical Slicing. The Bs
p,q representation of the

function f may contains atoms aQ whose support Q is not con-
tained in any of the domains Ir. The square on the left represents
the support Q of an atom aQ. It intercepts four domains in the
family {Ir}r, whose boundaries are represented by the tortuous
lines. In the dynamical slicing we replace this representation by
another one where the support of each atom in it is contained in
some domain Ir, as pictured on the right.

10. Boundness on Bs
p,q. Step 1: Dynamical Slicing

By Section 5 we have that the linear application

Φ : Bs
p,q → L1

is well defined and bounded, so if f ∈ Bs
p,q we need to show that Φ(f) ∈ Bs

p,q and
estimate its norm. By assumption, for every r ∈ Λ there is a Bs

p,q-representation of
f · 1Ir

f · 1Ir =
∑

Q∈P,Q⊂Ir

crQaQ,

satisfying either (5.10) or (5.11).


