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IﬂVer\—i‘ai\i{y of Rawndow Matcices

Let A,,, be L4 romclom NxV wux{'rix with eu{'rics
m §-1,43.



]:VWGY‘)ri‘ai‘\"l:Y of Rawndow Matcices

Let An be a fomalom NxV wux{'rix with ev«{’fics
m §-1,43.

Question: What is lﬂ C‘CJ((A'«):O} ?



J:V\vex‘)ri‘ai\i’cy of Rawndow Matcices

Le’c A,,\ be, 1§ romclom N xv ma{'rix wi-l-l'l eu’rrics
m §-1,43.

Question: What is \f’[ G‘EJ((An)"O] 7

Lowec bouwnd:

l?{ det (Aa)= OJ 7 lP[i fows i, (; s+ fi=2% "8—]



Iﬂver¥ibi\i{7 of Rawndow Matcices

Let Ay be a random nxv watcix with eufries
m §-1,43.

Question: What is \f’{ G\EJ((An)"O} 7

Lower bouwnd:
l?{ det (Aa)= O] 7 lP[i fows i, (; s+ fi=2% '8—]
7 (140w) Tl



J:V\vex‘)ri‘ai\i’cy of Rawndow Matcices

Let Ay be a random nxv watcix with eufries
m §-1,43.

Question: What is \f’[ G‘EJ((An)"O] 7

Lowec bouwnd:

lP{ det (An)= OJ 7 (4+0s)) e



_(/,V\Vef\fi‘ai\ifc?l of Rawndow Matcices
Cowijectute ( Folklore ):

lf’[ det (An)= Oj = (sto) n°

-n+d
2




Iﬂver\'i‘ai\i{y of Rawdowm Matrices
Cowijecture ( Folklore ):

lf’[ det (An)= Oj = (sto) n°

-ntdi
2

Up per bounds owu IP] det(An)= o] :



_(/,V\Vef\fi‘ai\ifcy of Rawndow Matcices
Cowijectute ( Folklore ):

P det (A)=0] = (s+ow)u® 2™

Up per bounds owu IP] det(An)= o] :

Kowlds “67: O (1 ")
Kalw, Kowlo's, Szewerddi '35 : (1-)"
Tao, Vu’ 07 : (34+ o(.1))"1

, v
Bo Y’ga&iw, Vv, VUoocl 10 - (%-l—o(l))

"
TiKhomirov'ig : (z+ 0(1)>



]:V\Vef)ri‘ai\\'{y of SYMMETRIC Randow Matrcices

Let M, be a randow nxw symwe tcic wad rix
with eutcies in §-1,4}.



]:V\Vef)ri‘ai\\"l:?' of SYMMETRIC Rawndow Matcices

Let M, be a randow nxw symwe tcic wad rix
with eutcies in §-1,4}.

Question: wWhat is lF[ det (M,)= OJ d



]:V\Veﬂri‘oi\\'{y of SYMMETRIC Randow Matrcices

Let M, be a randow nxw symwe tcic wad rix
with eutcies in §-1,4}.

Question: wWhat is lF[ det (M,)= OJ d

Natveal covx&ccl-vfti \P[dejc (M..\)=0J = @(WZZ”V|



J:VWQr\'i‘ai\i{Y of SYMMETRIC Randow Matrcices

Let M, be a randow nxw symwe tcic wad rix
with eutcies in §-1,4}.

Upper bounds ov P det (m,)= O] :

C05+c”o,'rqo, Vu’05 ® w"'/x +0(1)
N?r")""‘"z -0 (Vl-c),-For awy € >0
Vershyv\iv\',q . EXF(_ i)

Fecber, Jain 18 -QXP (-c n’ 109,V|)



J:V\VQr\fi‘ai\i{Y of SYMMETRIC Randow Matrcices

Let My be a random nxv symwetric watrix
with eutcies in §-1,4}.

Theoren (Compes, i, o, oreson” 157
dc >0 such +hat

P[ de+ (M,,)zo] S exp (-c\/W)



]:V\Vef\'i‘ai\i‘l:y of SYMMETRIC Randow Matrcices

Let M, be a randow nxw symwe tcic wad rix
with eutcies in §-1,4}.

Therem (Congo, i, o, arison” 15"
dc >0 such +hat

P[ de+ (M,,)zo] S exp (-c\lW)

Key In arcc[icv\{: Lwverse L iHlewood- Offof d theorem
inspifed by coutaivefs



’rl’l'e L—i-H’,CWOOJ"O_F_FOFCJ Problew



The Litlewood - Ogpord Problew

For any abelian group G, velIN aud ve G”,
cle.FiVIe

ftv) 2= wmax P[ Xy Vit X, v, = "“]
a €6

Wl'\cre X U(f-i'i}u) :



The LiHlewooJ—O.;:.[:orc] Problew

For any abelian group G, velIN aud ve G”,
cle.FiVIe

fLV) 1= wax P[ Xy Va Tt X, v, = "“]
a €G

Wl«cre X U(f-i'i}u) :

Tw our case, (G will be either Z or ZP , For p prime.



The LiHlewooJ—O.;:.[:orc] Problew

For any abelian group G, velIN aud ve G”,
cle.FiVIe

fw) 1= wax P[ %y Ve tot XV, = "“]
a €G

Wl«cre X U(f-i'i}u) :

Tw our case, (3 will be either Z o¢ ZF , For p prime.

Question : what upper bouvmls oun (o(w con be raro\lev\.?



’rlfle Li-]"chooa[-O_F.[:orcl Pr‘ololevm

f(v):: :Lm;é ]P[ Xy Vg b X,V = OL] , X~ U({-g_'i}u) .



The Li-l"HCWooc[-O_F.[:och Problew

f(v):: Wmé ]P[ Xy Vg b X,V = OL] , X~ U({-i'i}u) ,
Q€

n
heotew [Erdds’ (L"/ZJ) _
Theore <E dos 45) f(v) < > = O(ﬁ




The Li’]"chooa[-O.F.[:orJ Pr‘oblewl

fcv):: wax P[ Xy Va ot XV, = &] , X~ U({-a,i}") .
a €
n
Theorew (Emjé’s’ﬁs) f(\/) N (L”/ill) = O(_\[:LvT
2
{\Ais 15 best FOSSﬂalc! (%ad(e V; =1 \7’::)




’rlf\'e Li‘]"chooa[-O.F.[:orcl Pr‘ololewl

f(v):: W‘eaé ]P[ Xy Vg b X,V = OL] , X~ U({-i,i}u) .
(7§

n
heorew (Erdds’ (L”/J _
Theotem (Erdds’4s) PV < Zi) - O(ﬁ
-
| Wis is bLest possible ! (take v; = 2 Vc)

Question (’\’ao,Vu): JURE |ar5Lc = v has strvchure?



The Li’]"chooal-O.F.[:orJ Pr‘oblewx

f(v):: :4;2 ]P[ Xy Vg b X,V = OL] , X~ U({-g_,i}u) .

n
Theorew (Erclgslﬁs‘) f(\/) S (LVVZJ) = O(—L
2" m,
—
| Wis is best possible (take v; =2 ¥¢)

Question (’l’ao,Vu): JURE |ar5tc = v has strvchure?

f(\’)?VI‘C = At least _4_ Sums  age Cq,w\’ I
7



/rhe LiH’tWoocJ-O.;:.Foch Problew

f(v):: Wla; ]P[ Xy Vgt XV = 0L] , X U({_i'i}v),
Q€

n
Theorewm (Eralgslﬁs‘) f(\/) S (L;/ilj) = O(ﬁ
{\Ais 15 best \oossﬂalcf (Jcad(e V; =1 VL)

Question (’\’ao,Vu): JURE |ar6us = v has strvchure?
f(\’)?lfl‘c = At least _ﬁ_ sums  age eq,uql !
V\G

= v wust hae some arithwelic structure !



The INVERSE LiJr—choocl-O.;.[:orc] Problew

j:V\ —FMC-", it was Showw by Tao, Vu avd Nauyew, Vv
that i ()(V)% e then v € Q , $o( sowme

' swal’ aememlisec] arithwelic prog ession Q...



The TNVERSE L-‘Jr‘chooc[-O{.Forcl Problew

()LV):; :y\:lé [P[ Xy Vq +..+ X \/m = OL] y X U(f‘i,l}v)
P



The INVERSE L-'Jr—choocI-O.;.[:orc] Problew

fLV):: ?;2 "3[ X, Va +..+ X \/m = 0L] , X ~~ U({-i,i}v)
P

j:% (JLV) % we Cavw a\So 50\7 5ome{—l/qua_ o\[ooujc 'H/\E
sj(ruc{-une of v!



The TNVERSE L-‘-chwooc[-O.;.[:orc] Problew

(?CV):; Wla2 ,P[ X, Vq +...+ xu\/m :‘-OL] y X ~ U(f‘i,i}u)
Q€
P

TMQOFQM (Caw\lo()s/ M./ Morrisl Mo risou ’ l.‘]*)
Le‘l: P loe, Pr‘imc. ’rl/\erc exis{—s A .Falwnly IE o.F 5ulose-\—s
of zf’ , with J‘Ql \ ex|o<2'2 ( log, F)Z)/ such that

V VléIN, veZP” with f)(V)%.%- avwl IV’?Z_wlog_lo/

1 3w e such Hat

G
]b(V)]$€5/)W and :H={LeIVIJ-Vz¢':B(v)}\<_2_




But... warT!!!
WHAT DOES THIS HAVE TD do WITH

RANDOM MATRICES?



Ked CliA
v % Yhe \OTO\olE’,Wl:



Re&ucim% the \om\olewl:

/rb\e- ‘O(OHQ\M FEAUCQS l:o boUV\J(V\g/
R (p):= Mo lP[ﬂ vezZg\{o}: M,V = W, {o(\/)zrs]

n
wle



Rec;uciv% the \OTO\olEWII

/(b\e- ‘O(OHQ\M rE’_G{UCQS l:o boUV\J(V\g/
R (p):= Mo lP[ﬂ vezZg\{o}: M,V = W, {o(\/)zrs]

n
wle

Think of @"'O(F(-CW\‘) and P~ -é“



Re&ucim% the \om\olewl:

/rb\e- ‘O(OHQ\M FEAUCQS l:o boUV\J(V\g/
R (p):= Mo lP[ﬂ vezZg\{o}: M,V = W, {o(\/)zrs]

wezp
Think °of g~ up (-CW) and P~ -é*
We lesiem{—io\\ly, l/\a\vct

Lewa (Frker 5] IP[ dek (m,)=0]< (ewmé@ )



Ke &UC"V‘% the \oro\olevw:
Q[—n ((5)1—’1 mMax IP[E VE Zp \ {0} : M,V = W, (o(\/)zfa]

v
Wézr



e &UC"V‘% Yhe \oro\olevw :
q'\/\ ((5)2—’1 mMax IP[ﬂ VE Z; \ {0} : M,V = W, (o(\/)zfa]

v
Nézr

Theorew (Cawv\ FOS, M., Morfis  Meorrison /|S+>

For \0$ EXF<CW) priwe and (37,% )
2,(p) s 2



KQ&UCW‘% Yhe \oro\olevw:
QI'V\(F’) = WMoX |P[3V€Z \fo}: m,v=w (o(v)zfs]

wezg

Theorew (mex‘ow, M., Morfis, Morrison |3>

For \oé exF<cW) Privme ow\ol (33% /
Inlp) s 2

T4 .\10“00\)5 that 1 (e “‘_%_,(3__) \ E)(\"('Cr)

for (5=,. Oww‘ P~ exﬂcf)



KQ&UCW‘% Yhe \oro\olevv::
QI'V\(F’) = WMoX |P[3V€Z \fo}: m,v=w (o(v)zfs]

wEZ ‘o

Theorew (Cmm‘ow, M., Morfis | Morrison IS>

FOF \°$ €XF<CW> PriWE owxcl (33% py
2,(p) s 2

T4 .Fo\lows that ((ﬁ +_%——€—> < exp(-cxr’)
for (:3=_,. om4 P~ C)\F(CF) > [f[c(el; o:l\< exp —cf)



HOW Jr’o loouvm[
an((s,W) .= lP[iveZ; \ {0} : M,V =, (o(v)zfa] {



H'OW Jr’o loouv\d
Qrm(ﬁ,W) .= lP[i‘ VeZ; \ {0} : M,V =, (o(v)z[a] {

Uniow bound doesu t WorK !



HOW Jr’o loouvm[
an((s,W) .= IP[i‘VeZ; \ {0} : M,V =, (o(v)zfa] {

Uniow lbound doesu t work!

IZ-/FI’—‘ |0V' and \P[/\/\v=w]$2_w but

n

‘oiw—a 00



How fo bound
an((s,w) .= lP[ﬂ Ve ZF \ {0} : M,V = @, (o(v)zfa] {
Union bound doesu't work!

IZ-/FI’—‘ ,0” and \P[l\/\v=w]$2_w but

n

‘oiw—a 00

But we don't lhave Huat wany vectors !



How fo bound
Qrm((s,w) .= lP[ﬂ Ve Z; \ {0} : M,V = @, (o(v)zfa] {
Union bound doesu't work!

IZ-/FI’—‘ IOV' and \P[/\/\v=w]$2_w but

n

‘oin——) 00

But we don't lhave Huat wany vectors !

-V
f(V)7/2_ = V15 5‘\'fuc+\1FEO! am4 Hhere ave
very tew’ of tiew!



Rewmewmbel our nvelse LsH/ewoocl—OHOrol Hwm :
1 6c er, RAR exlo(z-gv\) of
I (J(V)%-ﬁﬁ avd IVIZz(n 4hen 4 B € 22 st

]JSV)] and :{F{fe[m]lvzﬁ’ib(v)}S%_

f(v) r



KEV\AQWIBE’J’ QuUl invefse LiH’/e,woocl' O_Hlorol —J’MW\ .
- xe er, || < exp(z-gv\) of
I (J(V)%-ﬁﬁ avd IVIZz(n 4hen 4 B € 22 st

and ;{F{EeMJI Vzﬁ’:B(v)}S%_

| Bw| € F(V)r

Le{ V) clo union loOUV\o, Usiu& these CO‘A'{'Q(MQFS.’



KEV\AQWIBE’I QuUl invefse L.'H'Ievuoocl' O.H:orol —J’MW\ .
3 {”(c er, I gl < exp(z-gv\) of

I (J(V)%ﬁﬁ avd IVIZz(n 4hen 4 B € 22 st
and :{F{EeEwJIV:Q’ZB(v)}S%_

| Bw| € F(V)r

Le{; V) clo union 'oOUV\c, Usiu& these COW{’Q(V\QFS.’

-Ccn

gu(g,w) < STp[avstves, g ad mesw] g
'Bel”t



KEV\AQWIBE’I QuUl invefse Li-H'[ewoocl' O.H:oro‘ —J’MW\ .
- {”(c ZZFI I gl < exp(z-gv\) of
If (J(V)%fﬁ avd IVIZz(n 4hen 4 B € 22 st

| Bw| s 1L and :{F{Eefwjivzﬁ’ﬁ(v)}S%_

ew\n
Le{; V) clo union loow\c;, Usiu& these COW{’G(V\QFS.’

n

q(m( F,w) < le’[ﬂvﬂ‘ ve s, P4 and MV:w] -I—Z—C
:Bel%/ cowes -F(‘owt j

Vectors of S!Ma[l 5uPr0(‘{



KEV\AQWIBE’I QuUl invefse L.‘-H’/ewoocl'O_F.[loro‘ —J’MW\:
- xe er || < exp(z-gv\) of

ip w2z —4—(—, avd [V[7 (1 then 3 B € § 5t
and ;{F{EeMJI V:ﬁ’:B(v)}S%_

| Bw| € F(V)r

Le{; V) clo union 'oOUV\o, Usiu& these COW{’Q(V\QFS.’

cwv

@(v‘( F/W) s Z"v[gvs{‘ ve B, ("(V) and Mv = w] '|"2
B € Q, C¥) cowmes -F(‘OM j

Vectors of Sma[l 5uPr0(‘{



Becavse f(v) ngfv)NT/l' , it pollows +that



, it pollows that

Becavse ()(V) ‘]"
lB(v)l 7

() [F[:'lvﬂ‘ ve s, (’(V) 3 and Mv= w] < Z “)[ MV:W]

ve 30



Becavse f(v) ngfv)NT/l' , it pollows +that

lf[ﬂvﬂ‘ ve B, r(v»jls and Mv:w] < Z “’[ MV-’—W]

Ve BV

<7 (@)

ve 30




B
ecavse ()(v) i% {‘.o”ows -I'Lm{'

JB(v)NW
"a[gvsi‘ ve B, (’(V) 3 and Mv= w] < Z “)[ MV-‘—'W]
ve 31
<3 (B
ve 31

N EXF Lu loa )



i% {’.o”ows -I'Lm{'

¢ > P[ Myv=w]

lr[ﬂv S-l‘ ve 3 r(V) L O\MJ My = W] ~N

B
ecavse f(v) JB(V)NT/T

ve 3V
n
<Y (@H)
ve 31

\ EXF Lwu loa )

PBecavse we have < exp(z-gm lo& u) elements ou &, we aejc



Becavse f(v) , it pollows +that

JB(v)NW ]
PT Mv=w]
t c3, (V)—— and Mv= w] N Zv\
P[3vstves, e n
C
<Y (7
ve 3N
\ QXF mloa )

¢ n , Wt C'(i
Becasse we have < exp(z M|°& M) elements ow PC a

() < B oplaug s £

/
'.BE,E’C



Thawk you'.



