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Introduction

The standard risk neutral pricing

e Let S be an underlying asset price, IP a risk neutral measure :
dS: = o(t, St)dB;
e Let £ = g(S7) be a payoff at T, then the price at ¢ is :
Y = Ei[¢]

e In the above Markovian setting : Y; = u(t, S¢),
L 2
Oru + 50 (t,x)0u =0, u(T,x)=g(x).

e In path dependent setting : 0 = 0(t,S.),£ = g(S.), then

Y: = u(t,S.),
Oru + %02(t7w)0¢2uwu:07 U(T?w) :g(w)

Jianfeng ZHANG (USC) Martingale Approach for fBM and PPDE



Introduction

Rough volatility model

e Rough volatility : dS; = S;o:dB; and o is rough
o See e.g. Gatheral-Jaisson-Rosenbaum (2014)

e A natural model : o driven by a fractional Brownian motion B

e Goal : characterize Y; := E ¢ } ]-"tB’BH]
o o (hence B) can be observed

© To focus on the main idea we will assume ¢ is .F?H—measurable
and consider Y; = E[¢ | ]:tBH]

o Sone related recent works : El Euch-Rosenbaum (2017),
Fouque-Hu (2017)
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Heat equation

Fractional Brownian Motion

olet B beafBMwith0< H<1:
o BH — B ~ Normal(0, (t — 5)2H)

1

2

o B" = B when H =

e Two main features :
o BM is not Markovian (H # 3)

o BM is not a semimartingale (H < 3)

e Our goal : characterize Y; := E[g(B!) !]—'tBH]
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Heat equation

Heat equation in BM case

o let £ :=g(Br) and Y: := E{[g(B71)].
e Denote

v(t,x) = E[g(x + Bt — B)| = [rg(y)p(T — t,y — x)dy

1
27t

where p(t,x) := e 7.

e Heat equation :
Orp(t, x) — %8xxp(t,x) =0
dev(t,x) + 20uv(t,x) =0, v(T,x) = g(x).
o Yi=v(t,B:),0<t<T
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Heat equation

A Heat equation for fBM

o Let £ :=g(BH) and Y; := E.[g(BY)].
e Denote

v(t,x) == E[g(x + BY — Bf)] = [Rg(y)pu(T — t,y — x)dy
x2
where py(t,x) = ﬁe_m_
e Heat equation :

atV(t,X)+Ht2H_18XXV(t7X) :07 V(T7X) :g(X)

o Yo = V(0,0)
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Heat equation

A heat equation for fBM

o Let £ := g(BH) and Y; := E,[g(BY)].
e Denote v(t,x) := E[g(x + B¥ — B")]
e Heat equation :
Oev(t,x) + H2 1o, v(t,x) =0, v(T,x) = g(x).
o Yo=v(0,B), Yr=v(T,BY)
e However, v(t, BH) is not a martingale :

Yi #v(t,Bf) for0<t<T.
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Heat equation

A crucial representation of fBM

o Representation : Bf = [ K(t,r)dW,
oF =F8" =W

o K(t,r) ~ (t — r)*~1, which blows up at t = r when H < 3

e Decomposition :

T t T
B;’:/o K(T’r)dWr:/o K(T,r)dWr+/ K(T,r)dW,
t

S fot K(T,r)dW, is Fi-measurable
o ft (T, r)dW, is independent of F;

o The previous decomposition B = BH + [BY — B!’] does not
satisfy this property



Heat equation

An alternative heat equation

o Let £ :=g(BY) and

ot T
Y, = Et[ (/ K(T,r)dW, +/ K(T, r)dWr)}
0 t
e Denote v(t,x) := E[g(x + ftT K(T, r)dW,)}
o Then Y, = v(t, [{ K(T,r)dW,),0<t< T
e Note : v(t, fo (T,r)dW,) is a martingale

e Heat equation :
Dev(t,x) + 3K3(T, t)0uv(t,x) =0, v(T,x) = g(x).
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Heat equation

A closer look

e O := [ K(T,r)dW, = E.[B}] is F;-measurable

o ©% is the forward variance and is observable in market
e Three ways to express Y; :
Yt = Vl(t7 Bg\) - V2(t7 Wt/\-) = V(tv @%')

o B is not a semimartingale
o W is a martingale (of course) but v» is not continuous

o v has desired regularity and t — ©% is a martingale
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Heat equation

An extension

e Denote Y; := E, [g(B#-’) + [T f(s, BSH)ds}.
e By previous computation :
Ve = Eclg(B)] + |, Edlf(s, B)]ds
= (T, g t, E[BH]) + [, v(s, f(s,-); t, E([BI])ds
= u(t, {Ee[B{I}e<s<T)
e Note : u is path dependent
olf H= % E:[Bs] = B:, so Y: = u(t, B:) is state dependent

© In more general cases,
_ H H
Ye= U(ta {Bs Yo<s<t®e{ E¢[Bg ]}t§s§T)‘
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Functional 1té formula

The canonical setup

e Recall

Y; = u(t, {Bs"’}ogsgt@t{Et[Bs’-l]}tSsST)'

e Fort €0, T], w € D°([0, t)), and O € CO([t, T]), define :
(W@t 0)s := wsl py(s) + 01, 7y(s), 0<s<T.
e The canonical space :
A= {(twee0) te 0, Thw e DO(0,1),0 € C[t, T)};

Mo = {(t,w®0) € Arwe CO0, 1), w0 = 0,60 = we .
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Functional 1té formula

Continuous mapping

o Recall
A= {(t,w ®:0): t €0, T],w e D0, t)),0 € CO([t, T])}.

e The metric :

d((t,w ®¢0), (t', o @p 0))

= /[t = /| + suppcs 7 |(w @t 0)s — (W' @p )]
e CO(A) : continuous mapping u: A — IR

e C2(A) : bounded u € CO(A)
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Functional 1té formula

Path derivatives

e Time derivative :

o u(t+0,w®:0) — u(t,w®; 6)

Oru(t,w ®¢ 0) == |5|¢0 5

© Oru is the right time derivative |

e First order spatial derivative : Fréchet derivative with respect to 6
o1
(Opu(t,w ®¢0),n) == lim — [u(t, w®¢ (0+¢en)) —u(t,w®e )],

e—0 ¢

for all (t,w ®;0) € A\, n € CO([t, T]).
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Functional 1té formula

Path derivatives (cont)

e Second order spatial derivative : bilinear operator on CO([t, T]) :
<839U(t7 W Q¢ 0)7 (7717 772)>
= lim.0 1 [(3911(1“7&) ®¢ (0 +em)),m2) — (Ggu(t,w ®¢ 0),m2) |

for all (t,w ®; 0) € A\, n1,1m2 € CO([t, T]).

e Define the spaces C*?(A) and C;’z(/\) in obvious sense
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Functional 1té formula

Functional Ito formula : H > %

e Regular case : K(t,t) is finite and thus

sct, Tl — K!:= K(s,t)isin CO([t, T]).

eDenote: X :=BH 0<s<t; OL:=E,BI, t<s<T
e Functional Ito formula :

du(t,X Rt @t)
= Owu(-)dt + (Dpu(-), KYdW; + %<8§9u(-), (Kt KY))dt.

olf H= % K =1, this is exactly Dupire's functional Ito formula
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Functional 1té formula

Functional Ito formula : H < %

o K(s,t) ~ (s— t)H72, OsK(s,t) ~ (s—t)H"2, 0<t<s<T
e For some o > % — H, for any (t,w ®; 0) € Ao, any
t<ty<tp<T,anyne Cot, T] with support in [t1, t2],
(Opu(t,w @ 0),m) < Cltz — t1]*[In]oc,
(Dfgu(t,w @ 0), (n,n)) < Clta — t1]**[In]%.
o Roughly speaking, we want 0, u(t,w ®; 0) = 0.

e Denote Kst"s = K(tt+§)\/s

(Opu(t,w ®¢ 0), K")

. Then the following limits exist :
= lim (Dpu(t,w ®¢ ), KH0);
6—0

(OBpu(t,w ©c 6). (K*, KO) = lim (9Fyu(t.o @ 0), (K", K*)).

= lim
6—0
e Functional Ito formula still holds
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Functional 1té formula

Linear path-dependent PDE

oV, = E, [g(By) + [T £(s, BH)ds| = u(t, X ®, ©F)

oY+ fot f(s, BM)ds is a martingale
e Linear PPDE :

1
Oru(t,w ®¢ 0) + §<6§9u(t,w ®¢ 0), (K, KY)) + f(t,we) =0,
u(T,w) = gwr).

e Theorem. Assume f and g are smooth, then the above PPDE has
a unique classical solution u.
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Nonlinear extension

Nonlinear dynamics

e Forward dynamics : Volterra SDE
t t
Xe = x+ / b(t; r, X.)dr + / o(t; r,X)dW,
0 0
e Backward dynamics : BSDE
T T
Y, = g(X) +/ F(s,X., Y, Z.)ds —/ Z.dW..
t t

¢ The backward one itself is time consistent. If we consider
Volterra type of BSDEs, see a series of works by Jiongmin Yong.

o Y= u(t,X @ O, where
t t
ol = x+/ b(s; r,X.)dr+/ o(s;r,X)dW,, t <s<T.
0 0

Jianfeng ZHANG (USC) Martingale Approach for fBM and PPDE



Nonlinear extension

Nonlinear PPDE

e Representation : u(t,w @ 0) := Y’ where

XSO0 = g4 [2b(s; r,w @ XY dr
+ [2o(sir,w @ XPE ) aw,

VER = g(ww XM — [Tz aw,
+ [T (r,w @ XPEO ypesd ZEeedy g,
e Semilinear PPDE : ot := ¢(s; t,w), t <s < T, for ¢ = b, o,

3tu + 5 <899U ( tw,Ut’w)> + <89U7 bt’w> + f(t7w7 u, <89u’0.t,w>) = 07
u(T,w) = g(w).
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Nonlinear extension

Further research

e Controlled problems (fully nonlinear PPDE)
e Viscosity solution

e Efficient numerical algorithms
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Financial models with rough (fBM) volatility

Pricing in a rough Heston model

e The model (El Euch and Rosenbaum 2017) : cor(B, W) = p,

t
S5: =5 +/ Sy v V,dB.;
0

1 t
Ve = Vo + r/ (t— r)H=2 [A[e ~V]dr + y\/V,dW,]
0

o Pricing : Yy = E[g(57)|FY] = u(t, S, @[tt’T])

t
Ot =V + i/ (s—r)H2 [A[e — V]dr + m/V,dW,]
0

e 1 satisfies certain path dependent PDE

Jianfeng ZHANG (USC) Time Inconsistency



Financial models with rough (fBM) volatility

Hedging in the rough Heston model

e Replicability of ©F :

A i/t (s— NH 3\ — Eo[V,]]dr.

o Hedging : af := (s — t)" 2,
dyt = axu(t, 5t7@ft,7_])d5t
+(T = 05 H{(Dpu(t, S, 0f; 1), af> x

[dEt[vT] + % /OT (T — )Mz AdEt[Vr]dr].
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the derivative g(Sr) by using the stock S and the forward variance ©. The
hedging portfolio relies on the Frechet derivative of Cy and certain char-
acteristic functions, which requires the special structure of (5.1) and that
Cr = g(Sr) is state dependent.

We now explain how our framework covers the above example and beyond.
First note that, for X = (S, V)7, (5.1) is a Volterra SDE (3.1) with

0
b(t;r,w1,02) = | A—r)" "3 9—20] | >
(5.4) T(H+3)
V1= p2x1\ /19 pr1/T2
o(t;r,x1,12) = v(t—r) T2 /2

0 T(H+3)

One may easily check that (5.1) satisfies all the properties in Assumptions 3.1
and 3.15, needed in Section 3.3 for H € (0,1/2), see Remark A.2 below. Note
that the dynamics of S is standard, without involving a two-time-variable
kernel. While we may apply the results in previous sections directly on the
two dimensional SDE (5.1), for simplicity we restrict the path dependence
only to the dynamics of V. Therefore, recall (2.6), for ¢ < s we denote

(5.5) ©L :=Vp + ! ) /Ot (s—r)H~2 [)\[9 — V,]dr + u\/deWf]

I (H+3
By the special structure of the rough Heston model, we can actually see that
(56) Ct = u(t,St,@ft’T]).

In particular, the dependence of C; on S is only via S; and its dependence
on V does not involve Vjg4. Denote u as u(t,z,w) and we shall assume
g is smooth which would imply the smoothness of u. Now following the
arguments in Section 4.1, in particular noting that C' is a martingale, we see
that u satisfies the following PPDE:

A0 — wi] o Twp prIwe "
o Oru + T+ %)(&uu,a )+ 5 Dt + T+ %)(aw(&vu),a )
. 2
Ltl@fwu, (a*,a")) =0, where a! = (s — t)H_%.
2T'(H + 3)

Moreover, by Theorem 3.17, we have (recalling V; = ©Y)

v Vi

5.8)dCy = dyu(t, Sy, O )dS; + ——~——
(58)dCy = Bru(t, St, Ofy 1) t+r(H+%)

<8wu(t, SOl 1), at>th2.
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The first term in the right side above obviously provides the A-hedging in
terms of the stock S. Note further that ¢ — ©% is a semi-martingale, and
we have

A
I'(H+3)

N0

AW? = (T —t)2~Hget, — 22— "1

dt.

Then

dCy = Byu(t, S, 0!, 17)dS; + (T — )2~ <8wu(t, St,0.17)5 at>d(—)tT

Ao — Vi)
(5.9) —W<8wu(t, S1, Oy 7). a' it

That is, provided that we could replicate © using market instruments,
which we will discuss in details below, then we may (perfectly) hedge g(St)
as claimed in [20].

We note that our ©F in (5.5) is different from the forward variance ©f in
(5.3). However, it can easily be replicated by using é)t, which can further be
replicated (approximately) by variance swaps. Indeed, by (5.5) and taking
conditional expectation on the dynamics of V' in (5.1), we see that

(5.10) ©L = ©! + ! )/ (s—r)F 20— Odr, t<s<T.
t

I'(H+3
For any fixed ¢, clearly O is uniquely determined by {éfn}tgrgsi

~ 1 S 1 A
5.11 eg:@g_/ s — )12 \[) — 6L)dr.
(5.11) TE+D (s—7) [ ]

In particular, this implies that, provided we observe the forward variance
O!, the process O is also observable at t. Moreover, as a function of ¢,

. 1 ) R
dot. = dét. + —— (T — )72 \[o — 6!]dt.
T T F(H—I—%)( ) [ t]

Plug this into (5.9) and note that ©! = V;, we obtain
(5.12) dCy = Dyu(t, St Ol 1)) S, + (T — )3~ (D u(t, S, 0!, 71), a ).

That is, Cp can be replicated by using Sy and @gp, with the corresponding
hedging portfolios d,u and (T — t)%_H (Bwu, a'), respectively.
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