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(At)e>o0 defined, for each t > 0, through the relation

P(N has a jump in |t, t + dt]|F:) = Aedt,
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Here, f : R — Ry is the jump rate function and h: Ry — R is the memory
kernel.

The parameter § € R is interpreted as an initial input to the jump rate function.
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Simple Erlang kernel

Assumption 1

The rate function f : R — Ry is either bounded or Lipschitz continuous with
Lipschitz constant ||f/|Lip-

Consider the memory kernel h: R — R can be written as Erlang kernel

h(t) = cefmf7 t >0,

7|7 -

where c € R, > 0 and n€ N.
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Associated PDMP process

For each 0 < k < n, consider, for each t > 0,

Ca(t—s) (t =)0
x® =5 +/ ce ot S>(7d/vs, (2)
‘ 10,¢] (n— k)!
in this case,
Ae = f (x}i)) ,
and, for t > 0,
dx® = XWdt — axOdt (3)
dXxV = XPdt —axMdt
dx" Y = x"dt — ax"Vdt
dx\” = —ax"dt+ cdN,

_s)(n—k)
with initial condition X{ =) = [ _  ce®* 20 n(ds).
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Associated PDMP process

The associated PDMP is the Markov process X = (X:):>o taking values in R”,
defined, for each t > 0, by

X, = <x§°),...,x§")).

We call the process X Markovian cascade of memory terms. lts infinitesimal
generator L is given for any smooth test function g : R" — R by

Lg(x) = (F(x), Ve(x)) + f (x) (g (x + cern)) — £(x)),

where x = (x(o)7 . 7x(”)) and e(,) € R" is the unit vector having entry 1 in the

coordinate n and 0 elsewhere.



Finally, F : R" +— R" is the vector field associated to the system of ODE's

d o _ ()

EXt = X; T — QX

d n—1 n n—1
EXg ) = Xlg ) _ axt( )
d n n

B = —axl?

given by F(x) = (FO(x),..., F"(x)) with
FH(x) = —ax® 4+ x¥ ™ for 0 < k < n—1, and F(x) = —ax'".



Finally, F : R" +— R" is the vector field associated to the system of ODE's

d 0 1 0
fth ) —Xg)fCMXt()

a n—1 n n—1
—txg ) = Xlg ) _ axt( )
(¢ n n

—txg ) = —axt( )

given by F(x) = (FO(x),..., F"(x)) with
FH(x) = —ax® 4+ x¥ ™ for 0 < k < n—1, and F(x) = —ax'".

» Jumps introduce discontinuities only in the coordinates Xt(") of X:.



A finite joint realization of the Markovian cascade X = (X;)o<¢<7 (upper panel) and its associated
counting process N = (N:¢)o<¢< 1 (lower panel) for the choices n =2, c =2, « =1, T = 20 and
f(x) = x/5 + 1 with initial input xo = (x(go), xél),xéz)) = (0,0,0). The blue (resp. red and black)

trajectory corresponds to the realisation of (X):(Z))OStST (resp. (Xt(l))ogth and (Xt(o))ogth)-
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Sum of Erlang kernels

Consider the memory kernel h: Ry — R can be written as sum of Erlang kernel
L "
. oot b
h(t)ch,e ni!7 t207 (4)
i=1
where, foreach 1 </ <L, ¢ € R, o; > 0and n; € N.
» The class of Erlang kernels is dense in L'(RR;)

Any Hawkes process N having integrable memory kernel h can be approximated
by a sequence of Hawkes processes N having Erlang memory kernel A" such
that ||A(" — hll 1@,y —+ 0 as n — co and

t
E[IN -~ NO|J, < Cr / K — hi(s)ds,
0

for all t < T, where [|N — N™||, denotes the total variation distance between
N and N on [0, t].
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unit vector having entry 1 in the coordinate (i, n;), and 0 elsewhere.



And F : R" — R" is the vector field associated to the system of first-order
ODE's J
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Random jump rates
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Random jump rates

Consider the Markov process X = (X;):>o taking values in R” whose generator
is given, for any smooth and bounded function g : R® — R, by

Le(x) = (F(x), Ve()+ (35 / x+§:c, i) —g(x)) G(dar, ... dev),

where F : R™ — R" is the vector field associated to the system (7) and
G(dcy, ..., dc.) is a probability measure on R*.



Well-posedness of the process

The probability measure G on R’ has finite first moments, i.e.,

L
/Z\c,-|G(dcl,...,ch) < 63
i=1

Proposition

Under Assumptions 1 and 2. Let N = (N;):>0 be the counting process
associated to the jumps of the Markov Process X = (X;)t>o having generator
given by (7), starting from xo € R™. Then N has Py,-almost surely a finite
number of jumps on each interval [s,t],0 < s < t < oo.



Let 1 and v be two probability measures on R”. The Wasserstein distance
between 1 and v is defined by
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(P¢)e>0 for the transition semigroup of the process X with generator (7).
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Let 1 and v be two probability measures on R”. The Wasserstein distance
between 1 and v is defined by

wGu)=inf { [ [ Ix-ylatdednacrmn. @

(P¢)t>0 for the transition semigroup of the process X with generator (7).

Theorem 1 (for o; = o > 1, Vi)

Suppose f not bounded but only Lipschitz continuous, we suppose moreover

that .
I ([ >
i=1

Then, there exists an unique invariant probability measure 7 of the process X
such that for any probability measure v on B(R"),

1
el G(der, . .,ch)) <a. (10)

Wi(m, vP;) < Ce™ WA (T, v).

for C > 0 and d > 0 properly chosen.
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The process (Xt):>o is said to be recurrent in the sense of Harris if there exists
a sigma-finite measure m on B(R") such that m(A) > 0 implies that for all
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Definition 2

The process (Xt):>o is said to be recurrent in the sense of Harris if there exists
a sigma-finite measure m on B(R") such that m(A) > 0 implies that for all
x € R®, Py—almost surely,

limsup1a(X:) = 1.

t—o0

Theorem 2

Grant Assumptions 1 and 2. Suppose moreover that (9) holds and that
G(dci, ..., dc) = [I-, Gi(dc;) for probability measures G; on (R, B(R))
satisfying supp (G;) N {0} # 0, for all 1 </ < L. Finally, suppose that f is
lower bounded.

1. Then (Xt)¢>o is positive Harris recurrent with unique invariant measure
m(dx).

2. Let X; be a stationary version of the process and suppose that (Xt)¢>o0 starts
from Xp = xo € R”, both evolving according to (7). Then X and X couple
almost surely in finite time.



Simulation

We write @:(x) = (ga(tl)(x)7 et (x)) for the unique solution, starting from
x € R”, of the system of ODE's (7)

Denote ||x[|oo = max{|x"¥)],1 < i< L,0< k < n;} and n = maxy<j<; n;

Proposition

For each x € R”, let M(x) = max{|goti’°)(x)\ :1<i<L,t>0}

M(x) < eHxHoo(l v (l))

ae
Define the function R" € x — f*(x) by
max{f(y) : y € [0, LM(x)]}, if x € RY

"(x) =4 max{f(y):y € [-LM(x),0]}, if x e R
max{f(y) : y € [-LM(x), LM(x)]}, else



Simulation algorithm

Let To = 0 and ( Tk)k>1 denote the sequence of jump times of the Markovian
cascade X

» Draw an exponential random variable 7 with parameter *(x)

» Draw a uniform random variable U on [0, 1].

> I U< AT, 0% (x))/F7(x), then define the next jump time
Tk+1 =T+

» If not, repeat this procedure starting from Xr, . = p-(x) .



Simulation algorithm

Let To = 0 and ( Tk)k>1 denote the sequence of jump times of the Markovian
cascade X

» Draw an exponential random variable 7 with parameter *(x)
» Draw a uniform random variable U on [0, 1].

> I U< A, 0% (x))/F*(x), then define the next jump time
Tix1 =T+ 7.

» If not, repeat this procedure starting from Xr, . = p-(x) .

It provides an exact simulation of the Markovian cascade X. No approximation
procedure is required.



Thanks



