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Scaling.

We are interested in the Local Large Deviation Principle (LLDP)
for the family of processes

ξT(t) :=
ξ(Tt)

T
, t ∈ [0,1],

where T →∞ is an increasing parameter.

Trajectories of the process ξT(·) almost surely (a.s.) belong to
the space D[0,1] of cádlág functions. Let

ρ(f, g) = sup
t∈[0,1]

|f(t)− g(t)|

for f, g ∈ D[0,1].
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Definition of Local Large Deviation Principle.

A family of random processes ξT(·) satisfies LLDP on the set
G ⊂ D[0,1] with a rate function I = I(f) : D[0,1] → [0,∞] and
the normalizing function ψ(T ) such that lim

T→∞
ψ(T ) = ∞, if for

any function f ∈ G the following equalities hold

lim
ε→0

lim sup
T→∞

1

ψ(T )
lnP(ξT(·) ∈ Uε(f))

= lim
ε→0

lim inf
T→∞

1

ψ(T )
lnP(ξT(·) ∈ Uε(f)) = −I(f),

where Uε(f) stands for ε-neighborhood of f ,

Uε(f) := {g ∈ D[0,1] : ρ(f, g) < ε}.
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Local Large Deviation Principle.

P
(

(ξT(t))t∈[0,1] ≈ (f(t))t∈[0,1]

)
≈ exp

(
−ψ(T )I(f)

)

0	 1	
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Definition of Large Deviation Principle.

A family of random processes ξT(·) satisfies LDP on metric space
(D[0,1], ρ) with a rate function I = I(f) : D[0,1] → [0,∞] and
the normalizing function ψ(T ) such that lim

T→∞
ψ(T ) = ∞, if, for

any c ≥ 0 the set {f ∈ D[0,1] : I(f) ≤ c} is a compact set on
(D[0,1], ρ) and, for any set B ∈ B(D[0,1],ρ) the following inequali-
ties hold:

lim sup
T→∞

1

ψ(T )
lnP(ξT(·) ∈ B) ≤ −I([B]) := − inf

f∈[B]
I(f),

lim inf
T→∞

1

ψ(T )
lnP(ξT(·) ∈ B) ≥ −I((B)) := − inf

f∈(B)
I(f),

where B(D[0,1],ρ) is the Borel σ-algebra constructed by open cylin-
drical subsets of the space D[0,1], B ∈ B(D[0,1],ρ), I(∅) =∞.
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Random processes with catastrophes. Motiva-
tions:

1. population dynamic;

2. queueing systems;

3. price spread dynamics;

4. search strategies;

5. ...
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Random processes with catastrophes.

“original” processes catastrophes catastrophes occurrence

Poisson processes total Markov processes =
birth-death processes uniform = exponential rate
Wiener processes binomial renewal processes
. . . . . . . . .
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Our model.

“original” processes catastrophes catastrophes occurrence

Poisson processes total Markov processes =
birth-death processes (almost) uniform = exponential rate
Wiener processes binomial renewal processes
. . . . . . . . .
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Our model.

Let us start by definition of the process. We construct the pro-
cess in two steps. First, we define the discrete time Markov chain
η(k) with state space Z+ = N ∪ {0} and transition probabilities

P(η(k + 1) = j|η(k) = i) =

{
λ

λ+µ
, if j = i+ 1,

µ
i(λ+µ)

, if 0 ≤ j < i, i 6= 0,
1, if j = 1, i = 0,

where λ and µ are positive constants. Let η(0) = 0. Second, let
ν(t), t ∈ R+ be Poisson point process with rate α, which does
not depend on the chain η(·). Define

ξ(t) := η(ν(t)), t ∈ R+.

0 

µ

λλ
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Theorem 1. For every ε > 0

P

(
lim
T→∞

sup
t∈[0,1]

ξT(t) > ε

)
= 0.

0	 1	

For more details about LLDP see [5], [6].
Recall the definition of Large Deviation Principle (LDP) [3]. Denote the closure and

interior of a set B by [B] and (B), respectively.

Definition 2.2. A family of random processes ⇠T (·) satisfies LDP on metric space (D[0, 1], ⇢)

with a rate function I = I(f) : D[0, 1] ! [0,1] and the normalizing function  (T ) such

that lim
T!1

 (T ) = 1, if, for any c � 0 the set {f 2 D[0, 1] : I(f)  c} is a compact set on

(D[0, 1], ⇢) and, for any set B 2 B(D[0,1],⇢) the following inequalities hold:

lim sup
T!1

1

 (T )
lnP(⇠T (·) 2 B)  �I([B]),

lim inf
T!1

1

 (T )
lnP(⇠T (·) 2 B) � �I((B)),

where B(D[0,1],⇢) is the Borel �-algebra constructed by open cylindrical subsets of the space

D[0, 1], I(B) = inf
y2B

I(y) for B 2 B(D[0,1],⇢), I(;) = 1.

We use the following notations: ACM
0 [0, 1] is the set of monotonically nondecreasing,

absolutely continuous on the interval [0, 1] functions that start from zero; AC+
0 [0, 1] is the

set of absolutely continuous on the interval [0, 1] functions starting from zero and taking
positive values for t 2 (0, 1]; Varf[0,a] is a total variation of the function f on the interval
[0, a]; B is a complement of the set B; I(B) is the indicator function of the set B; [a] is the
integer part of the number a.

Theorem 2.3. (LLN) For every " > 0 the equality

P

✓
lim

T!1
sup

t2[0,1]

⇠T (t) > "

◆
= 0

holds true.

Every function f 2 AC+
0 [0, 1] can be uniquely represented as a di↵erence of functions

f+ 2 ACM
0 [0, 1] f� 2 ACM

0 [0, 1] such that

Varf[0,1] = Varf+
[0,1] + Varf�

[0,1].

Nondecreasing functions f+ and f� are called respectively positive and negative variations
of the function f , see [7, Ch. 1, §4].

We denote by Bf the set of monotonically nondecreasing functions g, such that for
almost all t 2 [0, 1] the inequality ġ(t) � ḟ+(t) holds.

Theorem 2.4. (LLDP) A family of random processes ⇠T (·) satisfies the LLDP on the set

AC+
0 [0, 1] with the normalizing function  (T ) = T and the rate function

I(f) =
↵µ

�+ µ
+ inf

g2Bf

Z 1

0

⇣
ġ(t) ln

⇣ ġ(t)(�+ µ)

↵�

⌘
� ġ(t) +

↵�

�+ µ

⌘
dt. (2.2)
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Variation of functions. Let

ACM0 [0,1] is the set of monotonically nondecreasing, absolutely
continuous on the interval [0,1] functions that start from zero;

AC+
0 [0,1] is the set of absolutely continuous on the interval [0,1]

functions starting from zero and taking positive values for t ∈
(0,1];

Varf[0,a] is a total variation of the function f on the interval [0, a]

Every function f ∈ AC+
0 [0,1] can be uniquely represented as a

difference of functions f+ ∈ ACM0 [0,1] and f− ∈ ACM0 [0,1] such
that

Varf[0,1] = Varf+
[0,1]

+ Varf−
[0,1]

.

Nondecreasing functions f+ and f− are called respectively posi-
tive and negative variations of the function f .
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Theorem 2. Let Bf be the set of monotonically nondecreasing
functions g, such that for almost all t ∈ [0,1] the inequality
ġ(t) ≥ ḟ+(t) holds.

A family of random processes ξT(·) satisfies the LLDP on the
set AC+

0 [0,1] with the normalizing function ψ(T ) = T and the
rate function

I(f) =
αµ

λ+ µ
+ inf

g∈Bf

∫ 1

0

(
ġ(t) ln

(
ġ(t)(λ+ µ)

αλ

)
− ġ(t) +

αλ

λ+ µ

)
dt.

Remark. The rate function can be rewritten:

I(f) =
αµ

λ+ µ
+

∫ 1

0

(
ḟ+(t) ln

(
ḟ+(t)(λ+ µ)

αλ

)
− ḟ+(t) +

αλ

λ+ µ

)
×

×I
(
ḟ+(t) ≥ αλ

λ+ µ

)
dt.
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Theorem 3. (LDP for ξT(1)) The family of random variables
ξT(1) satisfies LDP with normalized function ψ(T ) = T and with
rate function

I(x) =

{ ∞, if x ∈ (−∞,0),
x ln
(
λ+µ
λ

)
, if x ∈ [0, α),

x ln
(
x(λ+µ)
αλ

)
− x+ α, if x ∈ [α,∞).

Logachov, A., Logachova, O. and Y.A. Large deviation in pop-
ulation dynamics with catastrophes. Statistics & Probability
Letters, v.149, pp. 29–37, 2019.
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1 0 𝑡𝑥,𝛼 

𝛼 

𝑥 

𝑥 

𝑓2 𝑡 = 𝑥𝑡 

𝑓1 𝑡 =  
0, if 𝑡 ∈ 0, 𝑡𝑥,𝛼                   
𝛼 𝑡 − 𝑡𝑥,𝛼 , if 𝑡 ∈ [𝑡𝑥,𝛼, 1]
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