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Introduction

Notation

The abstract polymer gas is defined by a triple (P, w, W):
@ P is a countable set, its elements are called polymers;
@ W = {Wx}xep; Wy € C is the activity of the polymer x;

@ W:P xP — {0,1} is a function, called Boltzmann factor, such that
W(x,x) =0 for all x € P and W(x,y) = W(y,x) for all {x,y} C P.
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Introduction

Notation

The abstract polymer gas is defined by a triple (P,w, W):
@ P is a countable set, its elements are called polymers;
@ W = {Wx}xep; Wy € C is the activity of the polymer x;

@ W:P xP — {0,1} is a function, called Boltzmann factor, such that
W(x,x) =0 for all x € P and W(x,y) = W(y,x) for all {x,y} C P.

We can associate a simple graph G = (P, £) such that
o &={{x,y} CP;W(x,y)=0};

@ I5(x) ={y € P; W(x,y) = 0} is the neighborhood of a vertex x of G;
@ /(G) is the set formed by all finite independent sets of G.
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The grand canonical partition function
Let A C P be a finite collection of polymers A C P
Zwy = 3 [ w

SCA xeS
Sel(g)
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Introduction

The grand canonical partition function

Let A C P be a finite collection of polymers A C P

Z/\(W) = Z H Wy

SCA xeS
Sel(g)

Problem

Find radii R = {R;}xep, with R, > 0 for all x € P, such that, for all finite
N C P, we have that
Zp(w) £ 0

wy| < Ry for all x € P).

in the polydisc |w| < R (i.e.,
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Fernandez-Procacci criterion

Theorem (Fernandez-Procacci criterion)

Let = {ux}xep be a collection of nonnegative numbers such that

wy| < RIP = £ Vx € P,
o3 (1)
then, for all finite N C P,
Zpn(w) # 0,

where

() = Z H/‘y-

SCrg(x) yes
Sel(g)
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Fernandez-Procacci criterion

Theorem (Fernandez-Procacci criterion)

Let = {ux}xep be a collection of nonnegative numbers such that

wy| < RFP = (pf(xu) Vx € P,

then, for all finite N C P,
Za(w) #0,

() = Z H/‘y-

SCrg(x) yes
Sel(g)

where

Observe ¢3(1) = Zrs o) (1)-
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Properties of the partition function

© fFundamental identity: let A C P be a finite set and x € A, then

Zpn(w) = Zp\ [y (w) + WxZ/\\rg(x)(W)-
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Properties of the partition function

© fFundamental identity: let A C P be a finite set and x € A, then

Zpn(w) = Zp\ [y (w) + WxZ/\\rg(x)(W)-

@ Log-subadditivity: let S, T C P and let u = {ux}xep with uy, > 0 for
all x € P, then
Zsut(p) < Zs(pu)Z7(1)-
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Properties of the partition function

© fFundamental identity: let A C P be a finite set and x € A, then

Zpn(w) = Zp\ [y (w) + WxZ/\\rg(x)(W)-

@ Log-subadditivity: let S, T C P and let u = {ux}xep with uy, > 0 for
all x € P, then
Zsut(p) < Zs(pu)Z7(1)-

O Let p = {px}xep be a collection of nonnegative numbers. Then

Z\(—p) >0 <=  Zp(w)#0 VYw: |w|<p.
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Proposition

Let i = {ux}txep and p = {px}xep be nonnegative numbers such that

Py < R)I:P . Hx

—_ M wuep,
Zre (1)

Given N C P be a finite set, let S C A\ and let S¢ = AN\'S. Then

Qs(p) - Zse()

> , forallxeS,
Qs\ix1(P) — Z(s\{x})e (1)

where
Qs(p) = Zs(—p).
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Sketch of the proof:
Let us use induction on |S|. For S = {x}, observe that
Qo(p)

_ — Px
1

:1_px
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Proof of Fernandez-Procacci criterion
Sketch of the proof:

Let us use induction on |S|. For S = {x}, observe that

Q{x}(p) _ 1—px
Qv(p) 1

By other hand, S¢ = A\ {x} and (§\ {x})¢ = A, then using the fundamental
identity, log-subadditivity and the fact that p, < REP, follows trivially that

:l_px
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Sketch of the proof:

Let us use induction on |S|. For S = {x}, observe that

Q{x}(p) o 1—py

Q) 1
By other hand, S¢ = A\ {x} and (§\ {x})¢ = A, then using the fundamental

:l_px

identity, log-subadditivity and the fact that p, < REP, follows trivially that

Therefore,
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Sketch of the proof:

Let us use induction on |S|. For S = {x}, observe that

Q{x}(p) _ 1—px
Qv(p) 1

By other hand, S¢ = A\ {x} and (§\ {x})¢ = A, then using the fundamental
identity, log-subadditivity and the fact that p, < REP, follows trivially that

:l_px

Therefore,
Qpa(P) _ Znpx (k)
Q) —  Zn(w)

Now, suppose that for any set T C A with cardinality less than n and for any

x € T we have that
Q7(p) > Zr<(1)
QM (P) — Zm ) (1)
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Proof of Fernandez-Procacci criterion
Sketch of the proof(cont.)

Now we will show that this also holds for any set S C A such that |S| = n and for any
polymer x € S. Observe that

Qs(p) Qs\(x3(P) — PxQs\r ) (P) _ Qs\rz0(P)

Qs\{x3(p) Qs\(x3(P) Tk Qs\(x3(p)

Paula Mendes Soares Fialho (UFMG) Abstract polymer gas. A simple inductive p July 2019 8/10



Proof of Fernandez-Procacci criterion
Sketch of the proof(cont.)

Now we will show that this also holds for any set S C A such that |S| = n and for any
polymer x € S. Observe that

Qs(p)  @\pa(P) = P Qsiry0(P) 1, Qs\rz0(P)
Qs\(1(P) Qs\(x3(p) Qs\(x3(p)

Suppose that [[5(x) N S| = m+1 and let us write T5(x) NS = {x,x1,...,Xm}, then

Qs\(x3(P) H Qs\ {xusqu---Uxi_1 3} (P)
Qs\r5 ) (P) Qs\ {xusqu---Ux;} (P)
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Proof of Fernandez-Procacci criterion
Sketch of the proof(cont.)

Now we will show that this also holds for any set S C A such that |S| = n and for any
polymer x € S. Observe that

QS(P) QS\{X}(p) - PXQS\I’ (x) (P) —1-p, M
@e\a ) Q5119 (P) Qs\(1(P)

Suppose that [[5(x) N S| = m+1 and let us write T5(x) NS = {x,x1,...,Xm}, then

Qs\(x3(P) H Qs\ {xusqu---Uxi_1 3} (P) H Z(s\ {xUsqu---Us;_1 })e (14) _ Zis\xp)e (1)
Qs\r5 ) (P) Qs\(xuxqu-uxp(P) 7 1T Zs\(xuxueuxi e (1) Zis\rg, ()< (1)
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Proof of Fernandez-Procacci criterion
Sketch of the proof(cont.)

Now we will show that this also holds for any set S C A such that |S| = n and for any
polymer x € S. Observe that

QS(P) QS\{X}(p) - PXQS\I’ (x) (P) —1-p, M
@e\a ) Q5119 (P) Qs\(1(P)

Suppose that [[5(x) N S| = m+1 and let us write T5(x) NS = {x,x1,...,Xm}, then

QS\{X} P) H QS\{XUX1U “Uxj—1} P) H 5\{xe1u “Uxj_1})¢ ( ) _ 5\{X} C(M)
Qs\r5 ) (P) Qs\(xuxqu-uxp(P) 7 1T Zs\(xuxueuxi e (1) Zis\rg, ()< (1)
Then,
Qs(p) 1o QS\r;;,(x)(P) > Zse (1) . 0
Qs\ (3 (P) Qs\(x3(P) — Zs\pepe (k)
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Finalizing the proof of the Fernandez-Procacci criterion
Let A C P be finite and S C A. Suppose that S = {xy, -, x,}, then

QS(P Qpxu- uX,} P)
QS(p H Q{)qU -Uxj_ 1}(p)
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Finalizing the proof of the Fernandez-Procacci criterion
Let A C P be finite and S C A. Suppose that S = {xy, -, x,}, then

_ Os(p) _ 77 Quav-ua(P).
Qs(p) = Q(p) P Quxu--uxi_13(P)

Supposing that p < R¥F, i.e considering the hypothesis of Ferndndez-Procacci
criterion valid, the proposition holds and we have that

ﬁ Qxu-- Ux,} p) >1£[ Z({x1u~~Ux,-})f(/~L) _ Zse(1) > 0.

Q{X1U UX(—l}(p) - =1 Z({X1U---UX,‘,1})C(I’L) ZA(/“‘L)
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Fernandez-Procacci criterion Proof of Fernandez-Procacci criterion

Finalizing the proof of the Fernandez-Procacci criterion
Let A C P be finite and S C A. Suppose that S = {xy, -, x,}, then

_ Os(p) _ 77 Quav-ua(P).
Qs(p) = Q(p) P Quxu--uxi_13(P)

Supposing that p < R¥F, i.e considering the hypothesis of Ferndndez-Procacci
criterion valid, the proposition holds and we have that

> 0.

ﬁ Qexu--ux} (P f[ Zpau-uxye () Zse(p)
T Quau-ux 3 (P T ook (B)  Zalp)

Therefore, we have shown that

Zr(—p) = Qn(p) > 0

for all p < RFF,
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