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The starting point- the baby problem

We would like to understand the deviations in an exponentially
small scale, when ¢ — 0, of the solutions of the following SDEs

d

dZp% = Vo(Z7%)dt +2 ) Vi(Z77) o dX, )
i=1
Zg’z =z,
where (X¢)¢>0 1= (th, . ,X,_f”)tzo is a d-dimensional Gaussian
process and Vj, ..., Vy is a collection of smooth vector fields:

R"™ — R.



The fractional Brownian Motion

The driving signal (X¢)¢>0 is a fractional Brownian motion (fBM)
with Hurst parameter H € (0, 1), that is,

X = BH, where B" is a centered Gaussian process with covariance
given by

1
Ru(s.t) = E[B{'BI') = (1t + s — |t - s*")

Remark
If H= % the process B! is a standard Brownian motion.



Features of the fBM

. Self-similarity: For any a > 0, one has
{BH(at) | t > 0} =9 {a""BH(t) | t > 0}. It results from the
structure of the covariance function.

. Stationary increments: {B"(t + h) — B"(h)} =9 {B"(t)}, for
every h > 0.

. Independent increments:no!! fBMs have independent increments
iff H=1 and in this case E[Bf'B| = t A s. When H # 1 the
increments are not independent. When H > 3 L the mcrements are
positively correlated; if H < 1 5 they are negatlvely correlated.

. Long range dependence: Let (X;)>o be an H-self similar process
with stationary increments and non degenerate for all t > 0 with
E[|X1[?] < oo. Write £, = Xy1 — X, and r(n) = E[£(0)¢(n)], for
all n>0. For 3 < H <1 we have Y, |r,| = 0o and this property is
called long range dependence.



Features of the fBM

5 Markovian pp: A Gaussian process with covariance R is Markovian
if
R(s, t)R(s, u)

Rls,u) = R(t,t)

s<t<u.

The fBM is Markovian iif H = %

6. S-Holder continuity: fBM admits a modification which is Holder
continuous of order 8 iif 8 € (0, H). The value of the Hurst
parameter decides the regularity of the sample paths.

7. Differentiability: fBM is a.s. nowhere differentiable.

8. p-variation: fBM has bounded p-variation when p > % and
unbounded p-variation when p < 4.

9. It is not a semimartingale. If B! = Al + MH for all t > 0, by
Doob-Meyer, when H < % we have [M"], = oo and |A¥|1y = c if
H > % Therefore no stochastic calculus. NO ITO!!!



Features of the fBM

t
10. How to define/ usstH?
0

i) When H > % one uses Young's integral.

i) When H € (%, %) one uses RPtheory (Coutin, Hairer,
Baudoin, Gubinelli...)

iii) Nualart's antecipative calculus via the divergence operator
(Skorohod integral)

We choose Rough Paths theory.



LDP: the weak convergence approach

Let (X©)e>0 be a family of r.vs defined on (Q, F,P) with values in a
complete separable metric space E (Polish).

e A function | : E — [0, 00] is called a good rate function if / is
lower semicontinuous and if the sublevel sets {x € E | I(x) < c} are
compact ¢ > 0.

® The family (X¢)c>0 is said to satisfy a large deviations principle on
E with the good rate function / if

limsupelnP(X® € F) < — inf__l(x)
PS

e—0

liminfelnP(X® € G) > — inf I(x),
e—0 x€G

for every F € B(E) closed and G € B(E) open.



LDPs via the weak convergence approach

® Laplace's method: for any h € Cp([0,1]) one has

1 1
lim fln/ e "Mdx = — min h(x).
0

n—oo N x€[0,1]

® (X%)cs0 a family of E-valued r.vs. is said to satisfy the
Laplace-Varadhan principle with the good rate function / if

lim supeInE[e_%h(Xe)} < —inf {/(x) + h(x)},

e—0 T x€E

lim infslnE[efih(X‘g)} > - infg{h(X) +1(x)},
x€

e—0

for every h € Cp(E).
® Since E is Polish LDP < LVP.



The relative entropy

® Let P(E) denote the set of probability measures defined on (E,£).
Given u € P(E) we define R(.||u) : P(E) — [0, o] given by

dv dv
In —(x)v(dx), ifv<pand In— e [}(p
R(v||p) = /E du( /) : du )

oo, otherwise.

® Variational representation of Laplace functionals: Let
h € Mp(E). Let € P(E). Then

—In/Eefh(Z),u/(dz): infE){R(u\|;1,)+/Eh(z)y(dz)}

veP(

and let vy € P(E) such that vy < u and

dug e h

dpu — [oehdu

Then the infimum above is attained uniquely at vp.



Donsker-Varadhan representation

® Let E be a Polish space and x and v in P(E). One has the
representation

R(v||n) :fescug()E){/fdu—ln/Eefdu}
b e

= sup {/¢du—|n/e¢du}.
PEM,(E) e E

® Laplace functionals and Relative entropies are convex conjugates in
the duality of the Fenchel-Legendre transform.



Fractional calculus associated to fBM

Given H € (0,1) let H" be the reproducing kernel Hilbert space
associated, which consists on the functions h: [0, T] — R? such
that h € L2 that have the representation

h(t) = /O Ku(t, 5)h(s)ds,

where Ky is the kernel defined by

KH(t,S) = CH(t — s)Hf% + CH(% — H) /St(u — s)H*% (1 — (f)

for some cy > 0.

The scalar product in H" is given by

(i, ha)an = (hy, o) 12



A bit of Gaussian analysis

For every t € [0, T] we denote ]—'tBH the o-field generated by the
random variables B!, s € [0, t] and the P-null sets.

We denote & the set of step functions on [0, T]. Let H be the
Hilbert space defined as the closure of £ wrt to the scalar product

(10,0, Lo,81) 1 == Ru(t,s).

The map 15 4 — B! can be extended to an isometry between
#H and the Gaussian space H;(B") associated with By. We will
denote this isometry by o+ B"(y).

The covariance kernel can be written as

tAs
Ru(t, s) :/ Ku(t, )Kn(s, r)dr.
0



A bit of Gaussian analysis

Consider the linear operator K}, : £ — L2[0, T] given by

(Kiie)(s) = Kl T.9)6(5) + [ (6l0) = o(5) 2 . s)ar.

For any pair of step functions ¢, € £ we have
(Ko, Kiph) 210,11 = (@5 ¥) -

As a consequence the operator K[, provides an isometry
between # and L2[0, T]. Hence the process W = (Wh)tepo,
defined by

W = B"((Ki) '1p.0)

- . H
is a Wiener process wrt to 75" and the process B/ has an
integral representation of the form

t
BtH:/ Ku(t,s)dWs,
0

since (Kjj1p0,4)(s) = Ku(t,s).



Girsanov's transform

. H .
* Given an FB -an adapted process (u)¢c(o, 7] and consider the
transformation

t
BH — BH 4 / usds.
0

® \We can write
. t t t
Bf:BtH—i—/ usds:/ KH(t,s)dWs+/ usds
0 0 0

t
:/ Ky(t,s)d W,
0

where

W, — Wt+/0t (K,;l(/o' usds)(r)>dr



Girsanov transform

Theorem )
Consider the shifted process B". defined by the process (us)seqo, 7] with
integrable paths. Assume that

* It holds that [, usds € I:FJF%Lz[O, T] P-as.
* E[7] =1 where

Er = exp{ — /OT (K,;l /0 usds)(s)dWs — ;/OT (Kﬁl /O usds>2(s)}

Then the shifted process éH_is an .FBH—fB/_\/I with Hurst parameter
H under the new probability P defined by % =E7.



A variational formula for bounded measurable functionals of

fBM-cf. Dupuis-Ellis’s formula for BM

Theorem
For any f € Mp(C([0, T];RY))

— InIE[e_f(BH)}

:JQQEB/OT‘K;(/O' usds)(r)‘2dr+f(5”+/o' usds)|.

where A is the class of all d-dimensional ftBH—progressively measurable

processes such that
T : 2
E[/ ’Kﬁl(/ usds)‘ } < 0.
0 0



An idea of the proof

We start to see that — In[E[f(B")] is bounded below by the right
hand side.

Take v € Ap. Then Novikov's condition (a bit hard) shows that

M, = exp(/ot (K,;l/o u,dr / ’ / u,dr)(s)rds)

. . H
is a martingale wrt to F&".

Define the measure

Q(A) ::/Mrd}P’, Acre
A

Girsanov yields, considering B = B! — [ usds

R@IP) = [1nZ2a0



An idea of the proof

® QOne obtains

R(Q||P) + /fd@ EQ[l/TKKH / udr)( )‘st
+f( W+/ /



An idea of the proof

Change of measure techniques (Gaussian analysis) and density
arguments prove

e <3 [ ([ ) (6 [ )]
0 0 0

for every u € A.
The reverse inequality is harder!
The way we solved it:

FRACTIONAL MARTINGALES AND CHARACTERIZATION
OF THE FRACTIONAL BROWNIAN MOTION, Hu, Nualart
and Song, The Annals of Probability 2009, Vol. 37, No. 6,
2404-2430



A sufficient condition for a LDP

Hypothesis
® Let G°: C([0, T]; RY) — E and G°: C([0, T];RY) — E with E a
Polish space. Define X¢ = G¢(BH).
® Given M > 0 consider Ay, the class of functions u such that
Iy |K,;1(f0' usds)|2 <M.
® We assume:

1. Theset Ky = {QO(Kgl(fo' v(s)ds) | ve AM>} is compact
for all M > 0.
2. Let v. € Ay be any family of Ap-r.vs such that v. = v as

e — 0. Then we have that gO(Kgl(fo' vsds)) is an

accumulation point in law of G¢ (BH +2 4 vg(s)ds).



Thm. A sufficient condition for a LDP

Theorem
Under the hypothesis above, the family (X).~¢ satisfies a LDP
with the good rate function

I(f) = igf;/OT ‘K;l(/or vsds)(r)rdr

where the inf is taken on

{V;KHl(/O' veds) € L2 f:gO(KHl(/O' veds) ) }.



A quick tour on Gubinelli's controlled
rough paths theory

® Denote by QC the set of continuous functions from R? to R that are
0 on the diagonal and define the increment operator ¢ : C — QC by

6A5t = At — AS'

® For a continuous function f : [0, T] — R" set

|0t
flloo := sup |f|, |l := sup .
IF1 te[o,T]| el [IFlly tefo,7] |t — s|7

We define the norm ||f||cv := ||f||s + ||f]|5-



Rough path

® A rough path on the interval [0, T] consists of two parts, a
continuous function X : [0, T] — R9 and a continuous (area
process) X : [0, T]> — R9*¢ where X € (QC)®9 satisfying the
algebraic prop. forall s < u<t, i j

Xof = Xt — XL, = 0X[,0X:. ()

For X € (QC)9®9 define

X st
[IX|]l2y == sup ————.
7 s#tefo,T] It — 8[*7

® For v € (3; 3] we denote D([0, T]; R?) the space of all rough
paths consisting of those pairs (X, X) satisfying (2) and such that

XX = 11Xy + [1X] |2y < o0



Geometric rough paths

® N.b. ||(X,X)]|, is only a seminorm and D7 is actually not a vector
space due to the nonlinear constraint (2).

® For every smooth function X : [0, T] — R? there exists a
canonical representative in D by choosing

s
Xy = / 6Xy @ dX,.
Jt

We denote D] the closure of the set of smooth functions in D7.
The space D] is a Polish space (always nice!).

* the fBM lifts to a geometric rough path in D7 with % <7y < H.



Controlled RPs

Let X := (X, X) € D?([0, T]; R?) for some v € (3, 3]. A pair
(Z,Z') is controlled by X if Z € C7([0, T|; R"),
Z'inC7([0, T]; R"*9) and the remainder R? € QC defined by

62y = ZLoXy + RZ,

satisfies ||R?||2, < oo.

Denote by Cy, the set of paths controlled by X endowed with the
norm

1(Z, 2. = 1Z(O)] + [|Z']lev + [|R?[25-

We can define for (Z,Z") € C3 a rough integral by the Riemann
sums

;
P H !
/O Z, @ dX; = ‘ ;l'fio g};P(zs ® 0Xst + ZLXst)



Continuity of the integral wrt to the
integrand

* Let (X,X) € D([0, T];R9) for some v > L. and (Y, Y’) € C be
a controlled rough path. Then the map

(Y,Y') 5 (2,2') = (/ Ye® X Y)

where the integral is defined as above is continuous from Cy to Cy
and for some M > 0 independent of X and Y,

1R Iy < MUIX 1y [RY 12y + X241 Y'[lev),

® For (Y,Y') €Cy and ¢ : R" — R™ C? we define the weakly
controlled rough path (¢(Y);¢(Y’)) € Cy as

1/J(Y)t = w(Yt% 1/J(Y)lt = Dw(yt)yt/'



Solution of the DE (1)

* Lety> % and let (X,X) € D7. Then Z € C7 is a solution to (1) if
(Z,2")=(Z,V(Z2)) € Cy and the integral version of (1) holds
where the composition of a controlled rough path with a nonlinear
function is interpreted as before and the integral of a controlled
rough path against X is defined as above.

e If V € C3 there exists a unique local solution.

® If V € C} there exists a global solution (no harm in the large
deviations regime).



The baby problem

® |to-Lyons continuity theorem states that for every € > 0 there exists
Ge: C([0, T;RY) — Dy([o, T]; R?) with v < H. In particular Dy
is Polish and good for weak compactness arguments.

® |to-Lyons map is continuous (robust under approximations and weak
compactness arguments) if we view it restricted to C7, v < H.

e Skeleton equation

t d t
gO(V) = Zl!’ = 2y +/ \/0( SV)dS =+ Z/ \/,( SV)VSdS,
0 j=1 0

H+1 o ,
where the control v € /0++2 L2[0, T] which is equivalent to say

/OT ’Kgl(/or vsds)(r)‘Zdr < 00.



Verifying sufficient condition for the LDP

e Condition 1 is verified if given v,, v € [ 2 12[0, T] such that

Kt / v'(s)ds — K ! / v(s)ds,
0 0

then G%(v,,) — G°(v).

® Condition 2 is verified if we prove that the family (Z¢).0 is
compact (through tightness arguments in DJ) (Polish space!)

d
dZf = Vo(Z5)dt +2 Y Vi(Z7)dB(,
j=1
whenever u¢ = u with u®, u are Ap- random variables and
SH H, 1 [
B, =B+ = [ u°(s)ds.
€Jo

and therefore converging (Lyons map/Davies estimate again) to zv.



Conclusion

The family (Z¢).>0 satisfies a large deviations principle in the
geometric rough path space D} ([0, T], RY) with % <7y < H with
the good rate function given by

I(p) = f:igof(v) % /OT ‘K,f(/os u,dr) (s)‘zds



A 2d LDP-Donsker-Varadhan type: ¢ = 1!

® Object: The occupation measure L, of the solution Z given by

.
Li(A) = %/0 6z, (A)dsds, A c B(RY).

® Note that L; is an M;(E9)-valued r.v, space of probability measures
with the Borel o-field B(R?), with the dual action between v € M

and f € By,
v(f) ::/fdu.

® Whenever p is an invariant measure of Z we know that

Ly = p,P, —a.s.



The rate function of the 3d level LDP
Donsker-Varadhan type

® The DV-2level entropy is given by

H(Q) i EQR]:O( —00 0]||P) if Q € Mi?
' 00 otherwise

where

® Mj is the space of stationary measures of M; (),
Q = C([0, T];RY);
o Q is the unique stationary extension of Q to Q = C(R;RY);
° Q (—oo,f] i1 the regular conditional distribution of Q knowing
Fi e

® Let the 3d level entropy functional J : M; — [0, 0]

J(B) = inf{H(Q) : Q € Mi,Qo = 8}, B € Mi(RY).



A 2d LDP-Donsker-Varadhan type: ¢ = 1!

® The 2d level rate entropy J is a good rate function on M;
equipped with the topology 7 of the convergence against bounded
and Borelian functions, i.e. [J < a] is compact for any a > 0.

* I or a” ope 1 sets G € R’I[ Ope 1 al d ! C|Osed wrt 7
| mir —_ | (L[ G) > — 1 J
T v - 1
| | 1 (S |

1
lim sup7 InP, (Lt € F) < — ir,]_f J.

T—o0



Comments and open doors

The weak convergence approach for the 1d level LDPS here
developed is good for vector fields with low regularity and to
approach problems in infinite dimensions.

The arguments of exponential tightness got reduced to arguments
of verifying tightness of the laws. This task is free lunch from
Davies estimates for rough integrals and RDEs.

The 2d DV LDPs are obtained by a variational formulation for the
occupancy measures also: they solve an infinite system of PDEs in
the distributional sense: easy characterization. cf. Baudoin-Coutin.

Next chapter: T = T(z). FW theory+DV theory coupling.
Applications to stochastic dynamics: solving Kramers problem
without Markovianity!
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