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Example I: Symmetric random walk on 7Z

@ Consider the symmetric RW (in discrete time) S := (S,)n>0 On Z,
i.e., the MC with transition probabilities

1

for all k € Z.
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Example I: Symmetric random walk on 7Z

@ Consider the symmetric RW (in discrete time) S := (S,)n>0 On Z,
i.e., the MC with transition probabilities

1

for all k € Z.
@ Put for all me N,

T{—mm} = inf{n>0: 5, € {-m m}}.

Then by optional sampling, Eo[r(_m m}] = Eo[SZ ] = m?, which
suggests the Brownian rescaling.
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Example I: Symmetric random walk on 7Z

@ Consider the symmetric RW (in discrete time) S := (S,)n>0 On Z,
i.e., the MC with transition probabilities

p(kak:tl) =5
for all k € Z.

@ Put for all me N,

T{—mm} = inf{n>0: 5, € {-m m}}.

Then by optional sampling, Eo[r(_m m}] = Eo[SZ ] = m?, which
suggests the Brownian rescaling.

@ Indeed, the functional CLT holds:

( SLmth)t>o (Bf)QO’

weakly in path space.
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Example I: Symmetric random walk with drift on 7Z

@ Consider for each m € N the RW S(™) := (S,(,m)),,zo on Z with
small drift ¢, := -, ¢ >0, i.e., the MC with transition probabilities

p™(k, k+1) = %(1 + cm)

for all k € Z.
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Example I: Symmetric random walk with drift on 7Z

@ Consider for each m € N the RW S(™) := (S,(,m)),,zo on Z with
small drift ¢, := -, ¢ >0, i.e., the MC with transition probabilities

p™(k, k+1) = %(1 + cm)

for all k € Z.

@ Putforall meN, 7;_,, oy :=inf{n>0: 5, {—m, m}}. Once
more by the optional sampling,

Egm) [T{—m,m}] = (9(m2)
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Example I: Symmetric random walk with drift on 7Z

@ Consider for each m € N the RW S(™) := (S,(,m)),,zo on Z with
small drift ¢, := -, ¢ >0, i.e., the MC with transition probabilities

p™(k, k+1) = %(1 + cm)

for all k € Z.

@ Putforall meN, 7;_,, oy :=inf{n>0: 5, {—m, m}}. Once
more by the optional sampling,

Egm) [T{—m,m}] = (9(m2)

@ The functional CLT reads now:

(%S[:gtj)tzonfi (Bf + Ct) t>0°

weakly in path space.
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Motivation Il: Sinai's RWRE on Z

@ Consider a family w = (w; ),ez of i.i.d. (0,1)-valued r.v.
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Motivation Il: Sinai's RWRE on Z

@ Consider a family w = (w; ),ez of i.i.d. (0,1)-valued r.v.

o Let X := ((Xu)nen, P,z € Z) be the RWRE on Z, i.e., the MC
that given a realization w has transition probabilities

p¥(z,z+1) =wE  with wf=1-w;.

z z
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Motivation Il: Sinai's RWRE on Z

@ Consider a family w = (w; ),ez of i.i.d. (0,1)-valued r.v.

@ Let X := ((Xp)nen, PZ, z € Z) be the RWRE on Z, i.e., the MC
that given a realization w has transition probabilities

p¥(z,z+1) =wE  with wf=1-w;.
@ Put p, :=w; /w], and assume
@ Recurrence. E[log po] = 0 with o := Var(log po) > 0.

o Uniform ellipticity. P({—€ < po <1—¢}) =1 for e € (0, ).
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Motivation II: Sinai's RWRE on Z
@ Consider a family w = (w; ),ez of i.i.d. (0,1)-valued r.v.
@ Let X := ((Xp)nen, PZ, z € Z) be the RWRE on Z, i.e., the MC
that given a realization w has transition probabilities
p‘*’(z,z:l:l):w;IE with wf ==1—w].
@ Put p, :=w; /w], and assume

@ Recurrence. E[log po] = 0 with o := Var(log po) > 0.
o Uniform ellipticity. P({—€ < po <1—¢}) =1 for e € (0, ).

@ annealed (weak) LLN; [SiNat (1982)] There is a r.v. B s.t. for all
n >0,

n— oo

[ Pelles — Bl > n}) Plaw) —o.
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Motivation Il: Sinai's RWRE on Z
@ Consider a family w = (w; ),ez of i.i.d. (0,1)-valued r.v.

@ Let X := ((Xp)nen, PZ, z € Z) be the RWRE on Z, i.e., the MC
that given a realization w has transition probabilities

p‘*’(z,z:l:l):w;IE with wf :=1—-w;.
@ Put p, :=w; /w], and assume
@ Recurrence. E[log po] = 0 with o := Var(log po) > 0.
o Uniform ellipticity. P({—€ < po <1—¢}) =1 for e € (0, ).

@ annealed (weak) LLN; [SiNat (1982)] There is a r.v. B s.t. for all

n >0,
/PZ {’ Iogn B‘ >77})

@ annealed functional CLT; [SEIGNOUREL (2000)] For each me N,
consider an i.i.d. sequence w(m) := (wp(m))pen s.t. for all z € N,

pi(m) = pl/ ¥,
and X(™ the RWRE w.r.t. w(m). There is a diffusion in RE X s.t.
(#XL(ZQ)tj)t>O (Xt)t>0
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What do have these examples in common?

@ Our (quenched) Markov processes on R are all reversible w.r.t.
some Radon measure v and
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What do have these examples in common?

@ Our (quenched) Markov processes on R are all reversible w.r.t.
some Radon measure v and skip free, i.e., they do not leave out
points in supp(v).
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What do have these examples in common?

@ Our (quenched) Markov processes on R are all reversible w.r.t.
some Radon measure v and skip free, i.e., they do not leave out
points in supp(v).

@ MC in continuous time on discrete graphs are uniquely determined
by their jump rates and
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What do have these examples in common?

@ Our (quenched) Markov processes on R are all reversible w.r.t.
some Radon measure v and skip free, i.e., they do not leave out
points in supp(v).

@ MC in continuous time on discrete graphs are uniquely determined
by their jump rates and

@ R-valued symmetric Feller processes are uniquely determined by the
and the speed measure v uniquely determined
(up to a constant) by the occupation time formula: for all
x € supp(v), R > 0 and the MC XF reflected at {—R, R},

Bl [ roxdas) =2 [ " (y) v(dy).

where ¢(x, y, z) denotes the mid-point of three points {x, y, z}
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What do have these examples in common?

@ Our (quenched) Markov processes on R are all reversible w.r.t.
some Radon measure v and skip free, i.e., they do not leave out
points in supp(v).

@ MC in continuous time on discrete graphs are uniquely determined
by their jump rates and

@ R-valued symmetric Feller processes are uniquely determined by the
and the speed measure v uniquely determined
(up to a constant) by the occupation time formula: for all
x € supp(v), R > 0 and the MC XF reflected at {—R, R},

B [ X =2 [ ly) v(dy),
0 B(x,R)
where ¢(x, y, z) denotes the mid-point of three points {x, y, z}

~» BM with drift. :
v(dz) = e*#dz.
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Stone's invariance principle

Theorem (Continuity in v; [STONE (1963)])

Let v,1v1,vs, ... be Radon measures on R, and X, Xy, Xz, ... v-symmetric
Feller process resp. v,-symmetric Feller processes on (R, r..). If v,
converges vaguely to v and supp(v,) converge in local Hausdorff
topology to supp(v), then X, converges weakly in path space to X.

~+ Change of perspective: ldentify our symmetric Feller processes with
a metric measure space.

~> Generalize this in several directions:

@ provide invariance principle which relies on joint convergence
of scale metric and speed measure,

@ formulate invariance principle for trees,

© what to say beyond trees?
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Motivation Ill: Symmetric RW on Kesten's tree

@ Consider a GW-process (in discrete time) with critical offspring law
with finite variance, and let (T, r, ) be the rooted (random) family
tree conditioned on infinite height with root o.
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Motivation Ill: Symmetric RW on Kesten's tree

@ Consider a GW-process (in discrete time) with critical offspring law
with finite variance, and let (T, r, ) be the rooted (random) family
tree conditioned on infinite height with root ¢. Given a
realization w, let X = ((X,)n>0, P, v € T) the (discrete time)
symmetric RW, i.e,,

p¥(v,v') = m1v~v"
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Motivation Ill: Symmetric RW on Kesten's tree

@ Consider a GW-process (in discrete time) with critical offspring law
with finite variance, and let (T, r, ) be the rooted (random) family
tree conditioned on infinite height with root ¢. Given a
realization w, let X = ((X,)n>0, P, v € T) the (discrete time)
symmetric RW, i.e,,

p¥(v,v') = m1v~v"
@ annealed; [Kesten (1986)]. For m € N, put
Tm = inf{n: r(o, X,) = m}.

For all € > 0, m € N, there are x1(¢) > 0, x2(¢) < 00 s.t.,

/ P2 ({1 < m 1 < x2}) Pawimeo(dw) = 1 — .

Anita Winter Brownian motion on metric trees



Motivation Ill: Symmetric RW on Kesten's tree

@ Consider a GW-process (in discrete time) with critical offspring law
with finite variance, and let (T, r, ) be the rooted (random) family
tree conditioned on infinite height with root ¢. Given a
realization w, let X = ((X,)n>0, P, v € T) the (discrete time)
symmetric RW, i.e,,

p¥(v,v') = mlwvu
@ annealed; [Kesten (1986)]. For m € N, put
Tm = inf{n: r(o, X,) = m}.
For all € > 0, m € N, there are x1(¢) > 0, x2(¢) < 00 s.t.,

/ P2 ({1 < m 1 < x2}) Pawimeo(dw) = 1 — .

Put Z :=n=5 - r(p, X)), t > 0. Under [ PZdPcwuree the
family {Z("; n € N} is tight.
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Motivation Ill: Symmetric RW on Kesten's tree

@ Consider a GW-process (in discrete time) with critical offspring law
with finite variance, and let (T, r, ) be the rooted (random) family
tree conditioned on infinite height with root ¢. Given a
realization w, let X = ((X,)n>0, P, v € T) the (discrete time)
symmetric RW, i.e,,

p¥(v,v') = Joz (v Lvmv-
@ annealed; [Kesten (1986)]. For m € N, put
Tm = inf{n: r(o, X,) = m}.
For all € > 0, m € N, there are x1(¢) > 0, x2(¢) < 00 s.t.,

/ P2 ({1 < m 1 < x2}) Pawimeo(dw) = 1 — .

Put Z :=n=5 - r(p, X)), t > 0. Under [ PZdPcwuree the
family {Z("; n € N} is tight.

@ quenched; [Barlow & Kumagai (2006)]. For almost all realizations
w, under P2 the family {Z("; n € N} is NOT tight.
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@ Set-up I: Trees and convergence in tree space.

e metric trees and examples
e Gromov-vague and Gromov-Hausdorff-vague convergence

@ Set-up Il: Diffusions on continuum trees

e definition and construction
e examples
e characterisation via the occupation time formula

© The invariance principle

e statement

e characterizing tightness

e extensions to non-tree spaces

e back to our motivating examples
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Set up |: Tree-like metric spaces

A rooted metric tree (T, r, o) consists of a distinguished point p € T
and a metric space (T, r) which

@ satisfies the so-called 4-point condition (equivalently, which is
0-hyperbolic), i.e., for all x1, x2, x3, %1 € X,

r(x1, x2)+r(xs, xa) < max {r(xy,x3)+r(xz, xa), r(x, xa)+r(x, x3)},

| am not a tree
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Set up |: Tree-like metric spaces

A rooted metric tree (T, r, o) consists of a distinguished point p € T
and a metric space (T, r) which

@ satisfies the so-called 4-point condition (equivalently, which is
0-hyperbolic), i.e., for all x1, x2, x3, %1 € X,

r(x1, x2)+r(xs, xa) < max {r(xy,x3)+r(xz, xa), r(x, xa)+r(x, x3)},

@ for any three points xi, x2, x3 there exists a branch point
C(Xl,Xz,X3) € T, i.e., such that

r(XI'7Xj) = r(Xi; C(XlaX27X3)) + I’(C(X],X27X3),Xj), ’#J S {13273}

| am not a tree
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Set up I: Rooted R-tree

Definition

A rooted metric tree (T, r, p) is an R-tree if it is path-connected, i.e., for
all x,y € T there exists an isometry ¢ : [0, r(x,y)] — T with

bx,y(0) = x and ¢y, (1) = y.
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Set up I: Rooted R-tree

Definition

A rooted metric tree (T, r, p) is an R-tree if it is path-connected, i.e., for
all x,y € T there exists an isometry ¢ : [0, r(x,y)] — T with

bx,y(0) = x and ¢y, (1) = y.

Examples:

@ Z or Kesten's tree with graph distance are metric trees but not
R-trees.

@ R is a R-tree.
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Set up I: Rooted R-tree

Definition

A rooted metric tree (T, r, p) is an R-tree if it is path-connected, i.e., for
all x,y € T there exists an isometry ¢ : [0, r(x,y)] — T with

bx,y(0) = x and ¢y, (1) = y.

Examples:

@ Z or Kesten's tree with graph distance are metric trees but not
R-trees.

@ R is a R-tree.

~> A metric tree (T, r) is a separable R-tree if and only if it is the local
Hausdorff limit of finite trees as edge lengths scale down to 0.

Obviously, R is the scaling limit of Z.
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Set up |: Metric measure tree

~ include the speed measure to allow for time-change

Definition

A rooted metric measure tree (T,r, o, ) consists of
@ a rooted Heine-Borel metric tree (T, r,p), and

@ a boundedly finite measure v on B(T) of full support.

We call two rooted metric measure trees (T, r,0,v) and (T',r'; o', V')
equivalent if there is a isometry ¢ : T — T’ with ¢(0) = ¢’ and ¢.v = V.

M := set of all equivalence classes of rooted metric measure trees.

M, := {(T7 r,v,0) €M (T,r) compact}.
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Set up |: Rooted measure R-trees and excursions

~> Most prominent class of examples are rooted measure R-trees
“below” particular non-negative continuous functions:

o ={e:R—=R": ¢e0)=0, (x) =00}

p € E defines a pseudo-metric in R, i.e., for all x,y € R,

lim
x%ioosa

ro(x,y) = o(x) +e(y) =2 _inf  o(s).
SE[xAy,xVy]
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Set up |: Rooted measure R-trees and excursions

~> Most prominent class of examples are rooted measure R-trees
“below” particular non-negative continuous functions:

o ={e:R—=R": ¢e0)=0, (x) =00}

p € E defines a pseudo-metric in R, i.e., for all x,y € R,

xﬂr:'t‘]oo v
ro(x,y) = o(x) +e(y) =2 _inf  o(s).
SE[xAy,xVy]

Fact. After quotioning out, T, 1= R}gg) is a rooted Heine-Borel-R-tree,
i.e., a rooted R-tree in which the closure of all balls are compact. In
particular, T, is locally compact.
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Set up |: Rooted measure R-trees and excursions

~> Most prominent class of examples are rooted measure R-trees
“below” particular non-negative continuous functions:

o ={e:R—=R": ¢e0)=0, (x) =00}
p € E defines a pseudo-metric in R, i.e., for all x,y € R,

ro(x,y) = o(x) +e(y) =2 _inf  o(s).
SE[xAy,xVy]

lim
x%ioosp

Fact. After quotioning out, T, 1= R}gg) is a rooted Heine-Borel-R-tree,
i.e., a rooted R-tree in which the closure of all balls are compact. In
particular, T, is locally compact.

~> Let in addition v, be the push forward of the Lebesgue measure on
R under the map sends t € R to a point in the tree (R’zw ry)-

Example. If
(1) == YL .0o) (1) + Y21 (oo (1),
where Y1 and Y? are two independent copies of the solution of
dY, = Ldt +dB,, Yo =0,

Anita Winter Brownian motion on metric trees 11



Gromov-vague and Gromov-Hausdorff-vague convergence

Let x, := (Th, fay Vny @n)nen, X == (T, r,v, 0) be in M.
~> In which sense shall our rooted metric measure trees converge?
We say that
@ Gromov-weak.

@ Gromov-Hausdorff-weak.

@ Gromov-(Hausdorff)-vague.
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Gromov-vague and Gromov-Hausdorff-vague convergence

Let x, := (Th, fay Vny @n)nen, X == (T, r,v, 0) be in M.
~> In which sense shall our rooted metric measure trees converge?

We say that

@ Gromov-weak. x,—> x Gromov-weakly, iff there is a pointed

compact metric spa?e?Z, rz,0z) and isometric embeddings
Gn: Th—Zand ¢: T — Z with

o dn(0) = ¢(0) = 0z, and
o (@n)stin== dupt.

@ Gromov-Hausdorff-weak.

@ Gromov-(Hausdorff)-vague.
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Gromov-vague and Gromov-Hausdorff-vague convergence

Let x, := (Th, fay Vny @n)nen, X == (T, r,v, 0) be in M.
~> In which sense shall our rooted metric measure trees converge?
We say that

@ Gromov-weak.

Example. Let xp == ({1,2},r2(1,2) = 1,16, + (1 — 1,0, :=1)5,)

Obviously, x, — x := ({1,2}, p = 1, d2) Gromov-weakly. However,
the n— oo

@ Gromov-Hausdorff-weak.

@ Gromov-(Hausdorff)-vague.
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Gromov-vague and Gromov-Hausdorff-vague convergence

Let x, := (Th, fay Vny @n)nen, X == (T, r,v, 0) be in M.

~> In which sense shall our rooted metric measure trees converge?

We say that

@ Gromov-weak.
@ Gromov-Hausdorff-weak. x,— x Gromov-Hausdorff-weakly, iff

there is a pointed compact metric space (Z,rz,0z) and isometric
embeddings ¢, : T, = Z and ¢ : T — Z with

o ¢n(0) = ¢(0) = 0z, and
o (Pn)sftn = ¢«p, and in addition
e T, converges to supp(u) in Hausdorff topology.

@ Gromov-(Hausdorff)-vague.
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Gromov-vague and Gromov-Hausdorff-vague convergence

Let x, := (Th, fay Vny @n)nen, X == (T, r,v, 0) be in M.
~> In which sense shall our rooted metric measure trees converge?

We say that
@ Gromov-weak.
@ Gromov-Hausdorff-weak.

@ Gromov-(Hausdorff)-vague. We extend this to M by localization,
i.e., we say that x, converges to x Gromov-(Hausdorff)-vaguely
iff for almost all R > 0,

(Ths rns (V) Bo(0n,R)> 0n) _>oc (T,r, (V)lé(g,R)a 0),

n—

Gromov-(Hausdorff)-weakly.
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The speed v-motion on trees

Let (T,r,0) be a rooted Heine-Borel metric tree. We can define:
@ a length measure by \(7-"9)((g,x]) = r(o,x), x € T, and

@ for all absolutely continuous functions f € A a gradient Vf s.t.

Y
fly) — f(x) :/ VFd), Vx,yeT.

Theorem ([ATHREYA, ECKHOFF & W. (2013)], [ATHREYA, LOHR & W.

(2017)])
Let (T, r,v) be a metric measure space. There exists a unique (up to

v-equivalence) v-symmetric Markov process X(T-r*) := (X;);>0 whose
Dirichlet form is given by the closure of

E(f,g) / VIvgdA(Tre),
D(E) :={f e AN () NCs : E(f,f) < 00}.

~» No need for closing the form if inf,cr Z/(B(x,é)) > 0 for all § > 0.
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The speed v-motion on trees: Examples

Let X(7-":*) be the speed-v motion on (T,r).
@ If (T, r,v) = (R, reual, U%O()dx), then
dXt(T,r,l/) — O_(Xt(T,r,u))dBt.
@ If (T,r,v) is a finite metric measure tree, then X(7-"*) jumps from
X to y ~ x at rate
N
T (X )r(x, )
Now assume unit edge lengths.

e If v is the counting measure, then we have degree-dependent
total jump rates

Yx 1= Z%W = Ldeg(x).

yrox

o If =73 7 0deg(x), then we have constant total jump rates.

Anita Winter Brownian motion on metric trees



The speed v-motion on trees: A useful properties

@ X(T:r) takes values in

Cl7([0,00)) := {w € Dr([0,00)) : w([a, b]) closed Va < b}.
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The speed v-motion on trees: A useful properties

@ X(T:r) takes values in

Cl7([0,00)) := {w € Dr([0,00)) : w([a, b]) closed Va < b}.

@ X(T-r%) has continuous sample paths iff (T,r) is an R-tree.
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The speed v-motion on trees: A useful properties

@ X(T:rv) takes values in

Cl7([0,00)) := {w € Dr([0,00)) : w([a, b]) closed Va < b}.

@ X(T-r%) has continuous sample paths iff (T,r) is an R-tree.

Proposition ([ATHREYA, ECKHOFF & W. (2013)])

Let (T,r) be compact.

@ The speed-v motion XT-") on (T, r) satisfies the occupation time
P : P
formula: for x,z € T,

E.| /0 F(X.)ds] =2 /T A ) A7)

@ If X is a strong Markov process which satisfies the above
occupation time formula, then X is the speed-v motion on (T,r).
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How to deal with different state spaces?

Let X, X!, X2, ... be cadlag processes with values in a metric space
(T7 I‘), (Tla rl)a (T2> r2)7 .. We say that

(X™)new converges to X

weakly in path space (resp. f.d.d.) if there exist a metric space (Z, dz)
and isometric embeddings ¢,: T, - Z, n€ N and ¢ : T — Z, such that

(dn 0 XM e converges to ¢, 0 X

weakly in path space (resp. f.d.d.).

Anita Winter Brownian motion on metric trees 16



The invariance principle

For A, B open, define resistance,

R(A,B) := (inf {E(F,f): f €D(E),fla=1,flg=0})""
and let for x € T, R(x, B) :=supys5, R(A, B).
Theorem (Athreya, Lohr & W. (2017))

Let x, = (Th, fny Vn, 0n)nen and x = (T, r,v, 0) be in M. Assume that

lim liminf R,(0n, CB(Qm R)) = oo.

R—o00 n—o0 (*)

Then
an D x = L, (X = L,(X¥).

n— oo

~> Condition (*) ensures that limit points have infinite life time.
Earlier version of this invariance principles.

@ For RWs on graph-trees to diffusions on RR-trees restricted to
homogeneous rescaling ([CrRoyDON (2010])

Anita Winter Brownian motion on metric trees 17



The gap between Gromov-vague and

Gromov-Hausdorff-vague

Write x := (T, r,v, 0), and put for 6 > 0,

ms(x) := inf v(B,(x,0)).

xeT
As by assumption supp(r) = T, we have ms(x) > 0.

© Gromov-Hausdorff-weak convergence is equivalent to

(a) Gromov-weak convergence, and
(b) the Uniform lower mass bound property (ULMB), i.e., for
all § > 0, inf,eny ms(x,) > 0.

([ATHREYA, LOHR & W. (2016)])
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The gap between Gromov-vague and

Gromov-Hausdorff-vague

Write x := (T, r,v, 0), and put for 6 > 0,

mgs(x) == XingV(B,(x, 8)).

As by assumption supp(r) = T, we have ms(x) > 0.

© Gromov-Hausdorff-weak convergence is equivalent to
(a) Gromov-weak convergence, and
(b) the Uniform lower mass bound property (ULMB), i.e., for
all § > 0, inf,eny ms(x,) > 0.
([ATHREYA, LOHR & W. (2016)])

Q If (ULMB) FaILS, we still have X(Trmve) 504 x(Torw)

([ATHREYA, LOHR & W. (2017)])
That is, the ULMB is the gap between f.d.d.convergence and weak
convergence in path space.
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Beyond an invariance principles for trees

@ rate of convergence. [ROJAS-BARRAGAN, IM PREPARATION] equips
M1 (CI([0, 00))) with a complete metric d inducing the weak
topology w.r.t. the Skorohod topology, and M with a complete
metric dy,pperpr SUCh that

d(ﬁ(XXI)v ﬁ(XXZ)) = SuanHPf(Xh X2)'

@ resistance networks. [CROYDON (2018)] generalizes invariance
principle to resistance networks (graph-like metric spaces, fractals)
by replacing the metric on the tree by the resistance metric

R(X7.y) = ﬁASX,BSyR(Av B)
Crucial assumptions: R(x,y) < oo for all x,y € T.

@ general invariance principle. [GERLE, IM PREPARATION] uses the
resistance R(A, B) to construct a uniformity. He then states that
the stochastic processes converge if the associated uniform spaces
converge.
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Example I: Symmetric RW on Z

For each n € N, put

Tn = Za r"(V’ v+ 1) = %7 V”({V}) = i Vv € Z.

n?

The speed-v, random walk on (T,, r,) is the symmetric RW on Z with
edge length re-scaled by % and speeded up (in each vertex v) by a factor
of

Yn(v) == 72,/"(1{‘/}) Z r,,_l(v, v/) = % -n-2n=n’
vi=v+£l

Then
o (T, rn,yn,O)H—:@(R, foucl, dx, 0) Gromov-Hausdorff-vaguely.
o X®reac:dx0) is standard BM.
® k> Ry(0,{—k, k})>k/2, k€N, on Z.

~+ Classical functional CLT. Lo(X(To:rm¥n)) = Lo (X®reuet.d)),

n— oo
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Example Il: Sinai's RWRE on Z (quenched)

Fixw™ € (0,1)%. Put wf =1 —wy and px = 5. Let X = ((X*)i>0,P¥,z € Z)
be the MC on Z with jump rates

w .,
Vz,z41 = Wz
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Example Il: Sinai's RWRE on Z (quenched)

Fix w™ € (0,1)%. Put wf =1—wy and p = 2. Let X¥ = ((X¢)e20,P¥, 2 € Z)
be the MC on Z with jump rates

w .
Vz,z41 = Wz

@ X is reversible w.r.t. the unique (up to a constant) measure v with
vo({x + 1w 1 = vw({x})w;, and therefore

1
l ‘ log (Pk+xn0)

vo({x}) == C(1 + py)e 180 2
If we choose r,, such that for all y < z,

z—1
1N e LY et % Wo 108 (Prixno)
w(y,2) =3 yu (ixD) — 2¢
X=y

then X(%7wv) is the speed-1,,, motion on (Z, r,,).
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Example Il: Sinai's RWRE on Z (quenched)

w

Fix w™ € (0,1)%. Put wf =1—wy and p = 2. Let X¥ = ((X¢)e20,P¥, 2 € Z)
be the MC on Z with jump rates

w .,
Vz,z41 = Wz

Q If we now let pi(m) := ,0)’?_1/2, then we obtain

[x] -1

1 " 1
Vatmy({x}) 7= C(L+ px™)e 80V Zoico o (Picnnm),

z—1
y,2) =~ () i L5 o8 (picno)
1<) T 2C '

X=y

Fw(m
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Example Il: Sinai's RWRE on Z (quenched)

Fix w™ € (0,1)%. Put wf =1—wy and p = 2. Let X¥ = ((X¢)e20,P¥, 2 € Z)
be the MC on Z with jump rates

¢ .-
’Y;),zil =Wz

m—1/2

Q If we now let p(m) := pT ", then we obtain

L _sign(x L bl =1 XAm
Vis(my({x}) = C(L+ pi/™ e 50 v 2oico o8 (nn),

1 - sign(x) ——=
Fao(m)( _TE:
=y

@ Hence, if \F Z‘mx‘ Ylog (px) w(x) for all x € Z, then

S0 log (pksxno)

lo(m (Y5 2) — du(y, )-:/ eW(X’dx,%vw<m) % ::2/e’w(x)dx.
y .
That implies that
ﬁo(lxw(m)) nf;/:o (X'(R/,dw,uw)).

m”*m?
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Example Il: Sinai's RWRE on Z (annealed)

|mx|—1

Vw( = \/15 Z |Og pk+x/\0
k=

o

Theorem ([ANDRIOPOULOS (ARXIV:1812.10197)])

Assume that {wy ; x € Z} are random and are distributed such that

(Vio(m)(Lxm] ))xeR — (W(X))XER’

m— oo

where W is two-sided BM, then

(#Xlgnr;t))t>0 (Xt)t>07

where X can be identified as Brox-diffusion (BM in a BM medium).

~ This way, [ANDRIOPOULOS (ARX1V:1812.10197)] could relax the i.i.d.
assumption on the medium and does not assume uniform ellipticity.
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Example Ill: Kesten's tree in the continuum limit

Let Tkesten be the GW-process (in discrete time) with critical offspring law with finite
variance conditioned to stay alive for ever. Given a realization w, let
X = ((Xn)nz0,PY,v € T) the (discrete time) symmetric RW, i.e.,

1
p(viv) = gy lvmr
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Example Ill: Kesten's tree in the continuum limit

Let Tkesten be the GW-process (in discrete time) with critical offspring law with finite
variance conditioned to stay alive for ever. Given a realization w, let
X = ((Xn)nz0,PY,v € T) the (discrete time) symmetric RW, i.e.,

1
p(viv) = gy lvmr

Q Let S = (S,)nen be a symmetric RW on Z and B BM on R, and put
$,:=S5,—2 inf S,and B,:=B,—2 inf B.
0<m<n 0<s<t

Write S and B for the two-sided versions. Clearly,

(%gmﬂ)teR,ﬁi (Et)tGR'
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Example Ill: Kesten's tree in the continuum limit

Let Tkesten be the GW-process (in discrete time) with critical offspring law with finite
variance conditioned to stay alive for ever. Given a realization w, let
X = ((Xn)nz0,PY,v € T) the (discrete time) symmetric RW, i.e.,

pY (v, V') = mlvwv"
Q Let S = (S,)nen be a symmetric RW on Z and B BM on R, and put
$,:=S5,—2 inf S,and B,:=B,—2 inf B.
0<m<n 0<s<t

Write S and B for the two-sided versions. Clearly,

(%gmﬂ)teR,ﬁi (Et)tGR'

© If the offspring is geometric, then Kesten's tree is the rooted
mm-tree (Tg, rs,vs,0) where (T3, rg) is associated with S and vz
is the push forward of the counting measure on Z into the tree.
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Example Ill: Kesten's tree in the continuum limit

Let Tkesten be the GW-process (in discrete time) with critical offspring law with finite
variance conditioned to stay alive for ever. Given a realization w, let
X = ((Xn)nz0,PY,v € T) the (discrete time) symmetric RW, i.e.,

(v V)

= gemgy Lvev'-

Q Let S = (S,)nen be a symmetric RW on Z and B BM on R, and put
Sy :=5,—2 inf Spand B, :=B;—2 inf B..
0<m<n 0<s<t

Write S and B for the two-sided versions. Clearly,

(%gmﬂ)te]}%m:> (Et)tGR'

— 0o

© If the offspring is geometric, then Kesten's tree is the rooted
mm-tree (Tg, rs,vs,0) where (T3, rg) is associated with S and vz
is the push forward of the counting measure on Z into the tree.

~» [PITMAN (1975)]. B is the unique solution of the SDE
dYt = %dt + Bt°

Anita Winter Brownian motion on metric trees



Example Ill: Scaling Kesten's tree

For each m € N, let 7,,, be the Kesten's-tree conditioned to never
die out and put for v ~ v/,

T i=Rlag rm(v.V') 1= 2rlas(v.V)), vm({v}) = Q.

The speed-v,,-speed RW on (T, rm) is the symmetric RW on Z with
edge length re-scaled by and speeded up (in each vertex v) by a factor
of

'Ym(V) = m Z rrgl(‘/-, V/) = % : dcg(v) deo( ) =m’.

vi~v
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Example Ill: Scaling Kesten's tree

For each m € N, let 7,,, be the Kesten's-tree conditioned to never
die out and put for v ~ v/,

Tn=Rlag rm(v.v)) = grlag(v,v), vm({v}) = 557

2m?

The speed-v,,-speed RW on (T, rm) is the symmetric RW on Z with

edge length re-scaled by and speeded up (in each vertex v) by a factor
of

'Ym(V) = m Z rr;I(V-, V/) = % : dcg(v) deg( )m =m’.

vi~v

Theorem ([ATHREYA, LOHR & W. (2017)])

The sequence (T, rm, Vm, Q) converges weakly in
Gromov-Hausdorff-vague topology to the tree (Ty, ry,vy,0) associated
with the two-sided Y.
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Example Ill: Symmetric RW on Kesten's tree

@ annealed. Under the annealed law, if X is the symmetric RW on
Kesten's tree, then

Lo ((%Xtm3)t20) fi £O(X(Ty.ry,l/Y)).
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Example Ill: Symmetric RW on Kesten's tree

@ annealed. Under the annealed law, if X is the symmetric RW on
Kesten's tree, then

Lo ((%Xtm3)t20) fi £O(X(Ty.ryfl/Y)).

Put Z, := ry(0, X,). By continuity,

1
(—Zmst)ezo = (rv (0, XMy o,
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Example Ill: Symmetric RW on Kesten's tree

@ annealed. Under the annealed law, if X is the symmetric RW on
Kesten's tree, then

Lo ((%Xtm3)t20) fi £O(X(Ty.ryfl/Y)).

Put Z, := ry(0, X,). By continuity,

1
(Ez"ﬁt)fzo = (rv(0, X(Tvarv))) .

As X(Tv:rvvv) s recurrent, the limit distance process is recurrent
(and therefore non-trivial).

@ quenched. For almost all realizations of a two-sided BM,
I|nrr;|0rlf Vn(Bn(0,R)) =0, and I|Ir1n%sOL<|)p Vn(Bn(0,R)) = o0
([BarLow & KuMAGAI (2006)]). Thus the sequence {v,; n € N}

does not converge. Moreover, under the suggested re-scaling the
RWs are NOT tight.
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This is the end

Obrigada
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